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We analyze approaches to the partial or complete unification of gauge symmetries in theories with
dynamical symmetry breaking. Several types of models are considered, including those that (i) in-
volve sufficient unification to quantize electric charge, (ii) attempt to unify the three standard-model
gauge interactions in a simple Lie group that forms a direct product with an extended technicolor
group, and, most ambitiously, (iii) attempt to unify the standard-model gauge interactions with
(extended) technicolor in a simple Lie group.
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I. INTRODUCTION
The standard model (SM) gauge group GSM =
SU(3)c × SU(2)w × U(1)Y has provided a successful de-
scription of both strong and electroweak interactions. Al-
though the standard model itself predicts zero neutrino
masses, its fermion content can be augmented to incor-
porate neutrino masses and lepton mixing. One of the
great triumphs of this model was its unification of weak
and electromagnetic interactions. However, as has long
been recognized, there are a number of properties that
this model does not explain, including the quantization
of the electric charges of elementary particles, the ratios
of the values of the respective standard-model gauge cou-
plings g3, g2L, and gY , and the interconnected manner in
which quark and lepton contributions to gauge anoma-
lies cancel each other (separately for each generation).
These deficiencies motivated the effort to construct theo-
ries with higher unification of gauge symmetries. Almost
all of the work toward this goal started with the standard
model, including its Higgs mechanism, and subsequently,
supersymmetric extensions of this model.
In this paper we shall investigate various approaches to
the partial or complete unification of gauge symmetries
from a different viewpoint, incorporating the standard-
model gauge group but removing the Higgs mechanism of
this model and replacing it with ingredients that can pro-
duce dynamical electroweak symmetry breaking (EWSB)
and also dynamical breaking of higher gauge symmetries.
The origin of electroweak symmetry breaking is one of the
most important outstanding questions in particle physics,
and dynamical EWSB remains an interesting alternate
to the Higgs approach. We shall focus, in particular,
on models in which electroweak symmetry breaking is
due to the formation of a bilinear condensate of new
fermions interacting via an asymptotically free, vectorial
gauge interaction, generically denoted technicolor (TC)
[1, 2], that becomes strong at a scale ΛTC ∼ 300 GeV.
To communicate the electroweak symmetry breaking to
the quarks and leptons (which are technisinglets) and
generate masses for these fermions, one adds to the tech-
nicolor theory additional gauge degrees of freedom that
transform technifermions into standard-model fermions
and vice versa [5, 6]. These are denoted extended tech-
nicolor (ETC) gauge bosons.
Here we shall consider several types of unification of
gauge symmetries with dynamical symmetry breaking:
1. Models that involve sufficient unification to quan-
tize electric charge without embedding all of the
three factor groups of the standard model in a
(semi)simple Lie group [8]. Since Q = T3L + Y/2
in the standard model, a sufficient condition for
this quantization is that the weak hypercharge Y
be expressed as a linear combination of generators
of nonabelian gauge groups.
2. Models that attempt to unify the three standard-
model gauge interactions in a simple grand unified
(GU) group GGU ,
GGU ⊃ GSM (1.1)
and then combine this in a direct product, GETC×
GGU with the ETC gauge group, GETC . A success-
ful model of this type would explain charge quanti-
zation and the relative sizes of SM gauge couplings
(but not the relative size of the SM and ETC gauge
couplings).
3. Most ambitiously, models that attempt to unify the
three SM gauge interactions together with techni-
color, or a larger gauge symmetry described by a
group GSC ⊇ GTC , in a simple Lie group G,
G ⊃ GSC ×GGU . (1.2)
In the models that we consider of types (1) and
(2) above, the technicolor group GTC is embedded in
a larger, extended technicolor group, GETC : GTC ⊂
GETC . As indicated by this subgroup relation, in these
types of models, the infinitesimal generators of the Lie al-
gebra of GTC close upon themselves, as do the generators
of the Lie algebra ofGETC . Furthermore, in these models
2[GETC , GSM ] = 0, so that the ETC gauge bosons do not
carry any SM quantum numbers. In contrast, in models
of type (3), although [GTC , GSM ] = 0, the commutators
of the (linear combinations of) generators of the Lie al-
gebra of G that transform technicolor indices to SU(3)c
and SU(2)L indices and vice versa (corresponding to the
ETC gauge bosons) generate the full Lie algebra of G,
so that there is no ETC group, per se, that forms a sub-
group of G that is smaller than G itself. In these models
these ETC gauge bosons generically do carry SM quan-
tum numbers and the corresponding generators of G do
not commute with the generators of GSM . As will be
seen below, the origin of standard-model fermion gener-
ations is different in models of types (1) and (2), on the
one hand, and models of type (3) on the other.
The present paper is organized as follows. In section
II we review some relevant properties of technicolor and
extended technicolor. In Section III we consider a partial
unification model of type (1) in which charge is quantized
and all symmetry breaking is dynamical, and we address
the question of how one might try to unify this model
further. Sections IV and V contain analyses and critical
assessments of models of type (2) and (3). In Section VI
we discuss the issue of how to break a unified gauge sym-
metry dynamically. Section V contains some concluding
remarks and ideas for further work. Certain general for-
mulas that are used throughout the paper are contained
in an appendix.
II. TECHNICOLOR AND EXTENDED
TECHNICOLOR MODELS
In this section we discuss some relevant properties of
technicolor and extended technicolor theories. We take
the technicolor group to beGTC = SU(NTC). For models
of types (1) and (2), the technifermions will comprise a
standard-model family, i.e., they transform according to
the following representations of GSM :
QaiL =
(
Uai
Dai
)
L
: (NTC , 3, 2)1/3,L;
UaiR : (NTC , 3, 1)4/3,R, D
ai
R : (NTC , 3, 1)−2/3,R
LiL =
(
N i
Ei
)
L
: (NTC , 1, 2)−1,L
{N iR} : (NTC , 1, 1)0,R, EiR : (NTC , 1, 1)−2,R
(2.1)
where here the indices a and i are color and technicolor
indices, respectively, and the numerical subscripts refer
to weak hypercharge. Since the N iR are SM-singlets and
the group SU(2) is free of anomalies in gauged currents, it
follows that if NTC = 2, then there can be more than just
one N iR; we indicate this by the brackets and denote this
number NNR . In models of type (3) we will encounter
different types of technicolor fermion sectors.
For models of types (1) and (2), which have a well-
defined ETC gauge group, we take this group to be
GETC = SU(NETC) . (2.2)
For these models, a natural procedure in constructing the
ETC theory is to gauge the generation index, assigning
the first Ngen. components of a fundamental represen-
tation of SU(NETC) to be the standard-model fermions
of these three generations, followed by NTC components
which are the technifermions with the same standard-
model quantum numbers. The fact that, a priori, the
value of Ngen. is arbitrary except for the requirement
that the ETC theory be asymptotically free, distinguishes
these types of models from models of type (3), where the
origin and number of SM fermion generations are more
highly constrained. Thus, models of types (1) and (2)
can automatically accomodate the observed value of SM
fermion generations, Ngen. = 3, whereas, in contrast, this
success is not guaranteed for a particular model of type
(3). Given the way in which models of types (1) and
(2) gauge the generational index, it follows that for these
models
NETC = Ngen. +NTC = 3 +NTC . (2.3)
The relation (2.3) and the requirement that NTC ≥ 2
for a nontrivial nonabelian SU(NTC) group (as required
for asymptotic freedom) together imply that NETC ≥ 5
for models of types (1) and (2). The minimal choice,
NTC = 2 and hence NETC = 5, has been used for a
number of recent studies of ETC models [9]-[15]. The
choice NTC = 2 is motivated for a number of reasons; (a)
with the one-family structure of eq. (2.1), amounting to
NTF = 2(Nc + 1) = 8 vectorially coupled technifermions
in the fundamental representation of SU(2)TC , it can
yield an approximate infrared fixed point and associated
slow running (“walking”) of the TC gauge coupling [16]
from ΛTC up to an ETC scale [16], (b) it minimizes the
technicolor contributions to the electroweak S parameter
[17], and (c) it makes possible a mechanism to account
for light neutrinos in an extended technicolor context
[10, 12]. Although the value NTC = 2 is thus favored,
we often shall let NTC be arbitrary in the present paper
(subject to the requirement of asymptotic freedom of the
TC and ETC theories) in order to show the generality of
certain results.
The condition [GETC , GSM ] = 0 in models of type (2)
means that all components of a given representation of
GSM transform according to the same representation of
GETC and all components of a given representation of
GETC transform according to the same representation of
GSM . However, this does not imply that all of the repre-
sentations of GSM transform according to the same rep-
resentation of GETC . For example, in Ref. [15] we stud-
ied a class of ETC models in which [GETC , GSM ] = 0 and
the left-handed and right-handed representations of the
charge Q = −1/3 quarks and techniquarks transform ac-
cording to relatively conjugate representations of GETC
3(which were the fundamental and conjugate fundamental
representations), and similarly with the charged leptons
and technileptons, while the charge Q = 2/3 quarks and
techniquarks of both chiralities transformed according to
the same representations of GETC .
ETC models of this type (2) can be classified fur-
ther according to whether (i) the ETC gauge interac-
tions are vectorial on the SM quarks and charged lep-
tons, or (ii) some ETC gauge interactions are chiral on
these SM fermions. In both cases, the TC interaction
must be vectorial; this is automatically satisfied by the
SU(2)TC group since it has only (pseudo)real representa-
tions. (In this SU(2)TC case, the number of chiral dou-
blets is 15+NNR, and this must be even to avoid a global
SU(2) anomaly, so NNR must be odd.) These two options
(i) and (ii) were labelled VSM and CSM in Ref. [13],
where the V and C referred to the corresponding vecto-
rial and (relatively) conjugate ETC representations of the
SM quarks and charged leptons, respectively. While both
of these classes of models have promising features, nei-
ther is fully realistic. In Ref. [13] it was shown that con-
straints from neutral flavor-changing current processes
were not as severe for VSM-type models as had been
previously thought. However, these models require addi-
tional ingredients to produce mass splittings within each
generation, such as mt >> mb,mτ (without excessive
contributions to the parameter ρ = m2W /(m
2
Z sin
2 θW )).
The CSM-type models in which charge −1/3 quarks and
leptons of opposite chiralities transform according to rel-
atively conjugate representations of SU(5)ETC while the
charge 2/3 quarks have vectorial ETC couplings can pro-
duce these requisite intragenerational mass splittings and
also some CKM mixing; however, these models do have
problems with flavor-changing neutral current processes.
Hence, we shall concentrate on VSM-type ETC models
here. Moreover, additional ingredients are necessary to
avoid overly light Nambu-Goldstone bosons.
As an illustration, for VSM models of type (2) the
fermions with SM quantum numbers are assigned to rep-
resentations of the group SU(5)ETC×GSM which are ob-
tained from those listed in eq. (2.1) by letting the index
i range over the full set of ETC indices, i = 1, ..., NETC .
Here and below, it will often be convenient to use the
compact notation QL, LL, uR, dR, and eR to denote
these ETC multiplets, so that, for example, eR, written
out explicitly, is
eR ≡ (e1, e2, e3, e4, e5)R ≡ (e, µ, τ, E4, E5)R . (2.4)
Since the fermion content of the SU(5)ETC theory is
chosen so that it is asymptotically free [18], as the en-
ergy scale decreases from large values, the ETC coupling
increases in strength. Eventually, this coupling becomes
large enough to produce fermion condensates, and the
ETC sector is constructed to be a chiral gauge theory,
so that a bilinear fermion condensate generically self-
breaks the ETC gauge symmetry. In order to obtain
the desired sequential breaking of SU(5)ETC to SU(2)TC ,
Refs. [9]-[15] incorporated an additional asymptotically
free gauge interaction which becomes strongly coupled
at roughly the same energy scale as the ETC interac-
tion. This additional interaction was called “hypercolor”
(HC) and the corresponding gauge group was chosen
to be SU(2)HC . The symmetry breaking of SU(5)ETC
occurs as a combination of self-breaking and couplings
to the auxiliary strongly interacting group, SU(2)HC .
The fermions involved in producing the ETC symmetry-
breaking condensates are nonsinglets under the ETC
group and are singlets under the standard-model group;
they include both singlets and nonsinglets under the HC
group. The determination of which condensation chan-
nels are dynamically favored is a difficult, nonperturba-
tive problem involving strong coupling. The procedure
makes use of the “most attractive channel” (MAC) cri-
terion [19] and tools such as approximate solutions of
the Schwinger-Dyson equation for the relevant fermion
propagator [20]-[22] (see appendix). As the energy scale
decreases, the first breaking occurs at a scale denoted Λ1,
where SU(5)ETC → SU(4)ETC ; here the first generation
fermions split off from the rest in each ETC multiplet.
Since this is the highest ETC symmetry-breaking scale,
we shall label it more generally as ΛETC,max. Similarly,
one has the successive breakings SU(4)ETC → SU(3)ETC
at Λ2, where the second-generation fermions split off,
and SU(3)→ SU(2)TC at Λ3, where the third-generation
fermions split off, leaving the exact residual technicolor
gauge symmetry. This can account, at least approxi-
mately, for the observed fermion masses while satisfy-
ing other constraints such as those from flavor-changing
neutral current processes, if one takes Λ1 ≃ 103 TeV,
Λ2 ≃ 102 TeV, and Λ3 ≃ 4 TeV, as in Refs. [9]-[15]. The
generational ETC scales are bounded above by the re-
quirement that the resultant SM quark and lepton masses
of the j’th generation, mfj ∼ ηjΛ3TC/Λ2j be sufficiently
large (where ηj is an enhancement factor present in the-
ories with walking technicolor [16] and can be of order
Λ3/ΛTC .)
An important general feature of ETC theories, illus-
trated in the specific models mentioned above, is that
the ETC symmetry-breaking scales are far below the
conventional grand unification scale MGU ∼ 1016 GeV.
Recall that, before engaging in detailed calculations of
gauge coupling evolution, one knows that it would be dif-
ficult to have a generic grand unification scale lower than
1015−1016 GeV without producing excessively rapid nu-
cleon decay. Therefore, insofar as one studies the possi-
bility of unifying standard-model and technicolor gauge
symmetries, it is not technicolor itself, but rather the
higher symmetry associated with extended technicolor,
that enters into this unification. That is, one must take
account of the fact that the effective theory at energy
scales far below the grand unification scale is already in-
variant under a larger symmetry involving gauge degrees
of freedom transforming technicolor indices to standard-
model (color and electroweak) indices.
4III. EXAMPLE OF PARTIAL UNIFICATION OF
SM GAUGE SYMMETRIES AND ATTEMPT AT
HIGHER UNIFICATION
In this section we consider the model of type (1) from
Ref. [11, 12], which successfully achieves the important
goals of electric charge quantization via partial unifica-
tion of standard-model gauge interactions with all sym-
metry breaking dynamical, and we investigate how one
might try to unify it further to be a model of type (2). A
sufficient condition for the quantization of electric charge
Q (or equivalently, the quantization of weak hypercharge
Y , given the Q = T3L + Y/2 relation) is that Q be
expressed as a linear combination of generators of non-
abelian gauge groups. An early realization of this condi-
tion was provided by the Pati-Salam unification of color
SU(3)c with U(1)B−L in SU(4)PS , where B and L denote
baryon and lepton number [23]. In this type of theory,
the strong and electroweak gauge groups are enlarged to
the group
G422 = SU(4)PS × SU(2)L × SU(2)R . (3.1)
where SU(2)L ≡ SU(2)w of the SM. The left- and right-
handed SM fermions of each generation are assigned to
the representations(
uia νi
dia ei
)
χ
, χ = L,R , (3.2)
transforming as (4,2,1) and (4,1,2), respectively, under
the group G422. The superscripts a and i in eq. (3.2)
refer, as before, to color and generation. This fermion
content thus requires the addition of three right-handed
neutrinos to the standard model. The SU(4)PS gauge
symmetry is vectorial, while the SU(2)L and SU(2)R
symmetries are chiral. The electric charge operator is
given by
Q = T3L + T3R + (1/2)(B − L)
= T3L + T3R + (2/3)
1/2 TPS,15
= T3L + T3R + (1/6) diag(1, 1, 1,−3) , (3.3)
where TPS,15 = (2
√
6)−1diag(1, 1, 1,−3) is the third di-
agonal generator in the SU(4)PS Lie algebra. The (quan-
tized) hypercharge generator is Y = T3R+(2/3)
1/2TPS,15.
Since we will analyze the question of unification for the
gauge couplings of the group G422, we show their explicit
normalization via the covariant derivative ,
Dµ = ∂µ − igPSTPS ·APS,µ
−ig2LTL ·AL,µ − ig2RTR ·AR,µ . (3.4)
The model of Refs. [11, 12] uses the gauge group
SU(5)ETC × SU(2)HC ×G422 (3.5)
with the fermion representations
(5, 1, 4, 2, 1)L , (5, 1, 4, 1, 2)R . (3.6)
(This model also contains fermions that are singlets
under G422.) In addition to the successful quantiza-
tion of electric charge and partial unification of quarks
with leptons (and techniquarks with technileptons), the
SU(4)PS gauge interactions connecting quarks and lep-
tons gives mass to the P 0 and P 3 Nambu-Goldstone
bosons corresponding to the generators I2V ×TPS,15 and
(T3)2V × TPS,15 [24], where I denotes the identity and
the subscript 2V refers to vectorial isospin, SU(2)V .
In the model of Ref. [12], as the energy decreases be-
low a scale ΛPS >∼ Λ1 ≃ 106 GeV, the G422 gauge sym-
metry is broken to GSM by the formation of a bilinear
fermion condensate. This value for ΛPS satisfies exper-
imental constraints such as those from upper limits on
right-handed charged weak currents and on the branch-
ing ratio for the decays KL → µ±e∓. The matching re-
lations for the (running) coupling constants at this scale
ΛPS are g3 = gPS and [12]
1
g2Y
=
1
g22R
+
2
3g2PS
. (3.7)
Further symmetry breaking at lower scales is the same
as in the model with gauge group (2.2). The relation
between the electromagnetic coupling e and the above
gauge couplings is
1
e2
=
1
g22L
+
1
g2Y
=
1
g22L
+
1
g22R
+
2
3g2PS
(3.8)
from which one can calculate the weak mixing angle
sin2 θW = e
2/g22L as
sin2 θW =
[
1 +
g22L
g22R
+
2g22L
3g2PS
]−1
. (3.9)
This partial gauge coupling unification is consistent with
the precision determination of the three SM gauge cou-
plings [12]. Evolving the SM couplings from mZ to ΛPS ,
one finds, at the latter scale, the values α3 = 0.064,
α2L = 0.032, and αPS = 0.008 (where αj = g
2
j /(4π)),
so that the matching equations can be satisfied with
α2R(ΛPS) ≃ 0.013, i.e., g2R/g2L ≃ 0.64 at this scale.
The results of Refs. [11, 12] motivate one to investi-
gate the possibility of embedding the three factor groups
of G422 in a simple group GGU , which could form a di-
rect product with GETC (and possible other groups such
as an auxiliary hypercolor group). This would promote
this model of type (1) to a model of type (2). We ob-
serve that SU(4) ≈ SO(6) and SU(2)×SU(2) ≈ SO(4), so
SO(10) contains, as a maximal subgroup, the direct prod-
uct SO(6) × SO(4). Similarly, there is a natural embed-
ding of the three-fold direct product G422 as a maximal
subgroup in SO(10). A necessary condition for this uni-
fication is that the three gauge couplings, gPS , g2L, and
5g2R could plausibly evolve, as the energy scale increases,
to the single SO(10) coupling g. For an exploratory study
of the feasibility of this, it will be sufficient to use one-
loop renormalization group evolution equations. Some
relevant general formulas are listed in the appendix. We
need the leading coefficients in the beta functions for each
factor group for the energy interval above ΛPS . These
are, for SU(4)PS ,
b
(PS)
0 =
1
3
[44− 4(Ngen. +NTC)]
=
1
3
(32− 4NTC) (3.10)
and, for SU(2)L and SU(2)R,
b
(2L)
0 = b
(2R)
0 =
1
3
[22− 4(Ngen. +NTC)]
=
1
3
(10− 4NTC) (3.11)
where the formulas are given for general NTC to show
the fact that our conclusions concerning unification hold
for arbitrary values of this parameter. We find that, with
the fermion content as specified above, the couplings gPS ,
g2L, and g2R do not unify at any higher energy scale. In
particular, since α2L and α2R are unequal at ΛPS and
have the same beta functions, the respective α−12L and α
−1
2L
evolve as a function of lnµ as two parallel lines, which
precludes unification. This is still true if one augments
the fermion content of the hypothetical SO(10) theory,
since the representations of SO(10) treat the SU(2)L and
SU(2)R subgroups symmetrically. Thus, we find that it
appears to be difficult to increase the partial unification
of the SM gauge symmetries in this model to a full uni-
fication of these symmetries in a direct product group
containing SO(10)× SU(5)ETC . Nevertheless, the model
of Refs. [11, 12] does provide an example of partial unifi-
cation of SM gauge symmetries explaining charge quan-
tization in a fully dynamical framework.
IV. PROSPECTS FOR MODELS WITH A
GETC ×GGU SYMMETRY GROUP
A. Evolution of SM Gauge Couplings in an ETC
Framework
In this section we assess the prospects for attempting
to unify the three gauge groups of the standard model,
SU(3)c, SU(2)w, and U(1)Y , in a simple grand unified
group GGU which forms a direct product with the ETC
group (and possibly other groups such as hypercolor) at
a high scale, MGU . In terms of the classification given
at the beginning of the paper, these are models of type
(2). Here and elsewhere in the paper the adjective “grand
unified” is used with its historical meaning, as referring
to the unification of the three SM gauge interactions
only, not additional interactions such as (extended) tech-
nicolor. We assume that at MGU , GGU breaks to the
three-fold direct product group comprising GSM , so that
in the interval of energies extending downward fromMGU
to the highest ETC scale, ΛETC,1 ≃ 106 GeV, the effec-
tive field theory is invariant under GETC × GSM (times
possible auxiliary groups such as hypercolor). As before,
we take GETC = SU(NETC) and, to show the general-
ity of our results, we keep NTC arbitrary (subject to the
requirement of asymptotic freedom for the ETC and TC
group).
A prerequisite for this unification is the condition that
the three SM gauge couplings unify at the hypothetical
scale MGU . The normalization of the abelian gauge cou-
pling is determined by the embedding of the fermions
with SM quantum numbers in the unified group, GGU .
We shall assume that GGU is either of the well-known
unification groups SU(5) [25] or SO(10) [26], with the
usual assignments of SM fermions; in both cases, the U(1)
coupling that unifies with g3 and g2L is g1 =
√
5/3 gY .
We will take µ = mZ as the starting point for the evolu-
tion of the SM couplings to higher scales. For our anal-
ysis, it will be adequate to use the one-loop approxima-
tions to the respective beta functions, as given in eqs.
(8.10) and (8.11) of the appendix; these depend on the
leading-order coefficients b
(j)
0 for each factor group Gj .
It will also be sufficient to take the top quark to be dy-
namical at the electroweak scale, i.e., to include its con-
tribution in the calculation of the beta functions. The
values of the b
(j)
0 for the standard model with its Higgs
boson are well known: b
(3)
0 = (1/3)(33−2Nq) = 7, b(2)0 =
(1/3)(22 − Nd − 1/2) = 19/6, and b(1)0 = (3/5)b(Y )0 =
−41/10, where Nq = 2Ngen. = 6 denotes the number of
active quarks and Nd = Ngen.(Nc + 1) = 12 denotes the
number of SU(2)w doublets. It is also well known that, if
one evolves these couplings individually without further
new physics at intermediate scales, they do not unify at
any one scale.
To calculate the evolution of the SM gauge couplings
in the framework of an ETC theory, we first remove the
SM Higgs and, for energies above µ ∼ ΛTC ∼ 300 GeV,
where the technifermions are active, we add their con-
tributions to the b
(j)
0 . The deletion of the Higgs boson
from the theory removes a term −1/6 from b(2)0 , which
becomes b
(2)
0 = 10/3, and a term −1/6 from b(Y )0 , so that
b
(1)
0 becomes b
(1)
0 = −4 (and leaves b(3)0 unchanged). A
caveat is that, even if the SM gauge couplings are small at
a given scale µ, their evolution may still be significantly
affected by nonperturbative, strong couplings of the SM-
nonsinglet technifermions. Since we start our integra-
tion of the renormalization group equations at µ = mZ ,
which is comparable to, and, indeed, slightly less than,
the technicolor scale, ΛTC ≃ 300 GeV, these strong tech-
nifermion interactions produce some uncertainty in the
evolution of the SM gauge couplings. This is a conse-
quence of the fact that in the beta function calculations,
one treats the technifermions as weakly interacting, but
this is only a good approximation for µ >> Λ1 ≃ 106
6GeV.
Generalizing Nq to refer to both quarks and techni-
quarks, and lettingNd denote the total number of SU(2)L
doublets, we calculate
b
(3)
0 =
1
3
(11Nc − 2Nq)
=
1
3
[33− 4(Ngen. +NTC)]
= 7− 4
3
NTC (4.1)
b
(2)
0 =
1
3
(11Nw −Nd)
=
1
3
[22− (Nc + 1)(Ngen. +NTC)]
=
10
3
− 4
3
NTC (4.2)
and
b
(1)
0 =
3
5
b
(Y )
0 = −
4
3
(Ngen. +NTC)
= −4− 4
3
NTC . (4.3)
As is evident in these results, the respective beta func-
tions, and, in particular, the leading coefficients b
(j)
0 ,
depend on NTC only through the combination Ngen. +
NTC = NETC . Consequently, the addition of the one
family of technifermions to the fermion content of the
standard model is equivalent to the addition of NTC ad-
ditional generations of SM fermions. Now we recall that
the addition of one or more (complete) generations of
SM fermions leaves the differences (∆b0)ij ≡ b(i)0 − b(j)0 ,
ij = 12, 13, 23 invariant [27]. (Explicitly, (∆b0)32 = 11/3,
(∆b0)31 = 11, and (∆b0)21 = 22/3.) Hence, for a given
set of values of αj , j = 1, 2, 3 at µ = mZ , the scales µij
where αi = αj are independent of NTC , in the same way
as these differences are independent of Ngen.. Therefore,
just as there was no gauge coupling unification in the SM
and the SM without a Higgs, so also, this remains true
for the theory with one family of technifermions added.
For reference, we note that the scales µij at which pair-
wise equalities of couplings occur are roughly µ23 ≃ 1018
GeV, µ13 ≃ 1014.5 GeV, and µ12 ≃ 1012.8 GeV.
B. An Implication of Unification Involving
GETC ×GGU
Even if one were able to achieve unification of the three
standard-model gauge symmetries in a simple groupGGU
which commutes with the ETC group in a model of type
(2), one would encounter another problem. The unifica-
tion groups GGU that have been studied have the prop-
erty that for at least one fermion f , both fL and f
c
L are
contained in a given representation of GGU . For example,
in the SU(5) model of Ref. [25], uL and u
c
L are both as-
signed to the rank-2 antisymmetric tensor representation,
the 10L. In the SO(10) model, all of the left-handed com-
ponents and conjugates of the right-handed components
of quarks and leptons are contained in the 16-dimensional
spinor representation. The property that the full gauge
group contains the direct product GETC × GGU means
that [GETC , GGU ] = 0. It follows that any fL and f
c
L that
belong to the same representation of GGU also transform
according to the same representation RETC of GETC , or
equivalently, fL and fR transform according to relatively
conjugate representations RETC and R¯ETC [12]. Here
we use fL and fR to refer to all of the fermions of these
respective chiralities with the same SM quantum num-
bers, as illustrated for eR in eq. (2.4). This strongly sup-
presses the mass mfj that is produced, for a given gen-
eration j. This is true for the Q = 2/3 quarks (f = u) in
the case GGU = SU(5)GU and for all of the SM fermions
in the case GGU = SO(10). This suppression would ren-
der it very difficult to obtain adequate quark and lepton
masses, in particular, the top quark mass. (Recall that
the CSM models of Ref. [15] always used vectorial ETC
representations for Q = 2/3 quarks and techniquarks.)
Moreover, there would be serious problems associated
with excessive ETC contributions to flavor-changing neu-
tral current processes, as was shown in Ref. [15] for the
CSM case where the Q = −1/3 quarks and leptons of
opposite chiralities transform according to relatively con-
jugate representations of GETC .
V. ON THE UNIFICATION OF SM AND TC
GAUGE SYMMETRIES IN A SIMPLE GROUP
A. General
Here we consider models of type (3), which attempt to
achieve the unification of the three standard-model gauge
symmetries with a groupGSC which contains technicolor,
GSC ⊇ GTC , (5.1)
and possibly also some generational symmetries, in a uni-
fied gauge symmetry described by the group, G, as speci-
fied in eq. (1.2). The physics is invariant under the sym-
metry group G at energies above the unification scale,
MGU , and this symmetry breaks at MGU . The subscript
SC indicates that the GSC gauge interaction becomes
strongly coupled at a scale which is roughly comparable
to conventional ETC scales, although it is small and per-
turbative at the high scale MGU . These are the most
ambitious of all of the three types of models considered
here. They entail the unification of the three SM gauge
couplings and the SC gauge coupling at MGU . Thus,
the absence of this gauge coupling unification would, by
itself, be enough to exclude such models. However, the
analysis of the evolution of the relevant gauge couplings is
more complicated for these models because of the nonper-
turbative behavior and associated dynamical symmetry
7breaking that occurs at intermediate energy scales be-
tween mZ and the hypothesized MGU ; as a consequence
of this, one cannot use the perturbative evolution equa-
tion (8.11) for all of the relevant couplings. We will dis-
cuss this further below.
As soon as one hypothesizes a technicolor gauge sym-
metry as a dynamical mechanism for electroweak sym-
metry breaking, it is natural to explore the idea of trying
to unify technicolor with the three SM factor groups -
color, weak isospin, and weak hypercharge - in a simple
group. The motivations for this are similar to the motiva-
tions for the original grand unification program, includ-
ing a unified description of the fermion representations
and an explanation of the relative coupling strengths at
lower energies, including, in particular, the property that
the TC interaction becomes strongly coupled at a scale
ΛTC ≃ 300 GeV, which is essentially the electroweak
scale, and which is about 103 times larger than the scale
ΛQCD ≃ 0.2 GeV at which the color coupling becomes
large. In this approach, one would, a priori, plausibly
hope to explain the large ratio ΛTC/ΛQCD and hence
alsomZ/ΛQCD, as a consequence of moderate differences
in the relevant beta functions, together with the property
of slow, logarithmic running over the energy interval be-
tweenMGU and the highest scale at which some couplings
grow to be of order unity. Early studies on the possibility
of grand unification of technicolor and standard-model
symmetries were [28, 29].
Perhaps the simplest notion of unification of techni-
color with the three standard-model gauge interactions
would be to have a simple gauge group G that contains
all four of these interactions as subgroups, G ⊃ GTCSM ,
where TCSM = GTC × GSM , such that G breaks to
GTCSM at a high scale MGU . This hypothetical the-
ory would be constructed so that the technicolor beta
function would be more negative than the SU(3)c beta
function, βTC < βSU(3)c < 0, and hence, as the energy
scale decreases, the technicolor gauge coupling would
become sufficiently large to cause a technifermion con-
densate at a scale ΛTC well above the scale ΛQCD at
which the SU(3)c coupling gets large and produces the
〈q¯q〉 condensate. However, this approach is excluded im-
mediately by the fact that the gauge bosons in G that
transform technifermions into the technisinglet standard-
model fermions and hence communicate the electroweak
symmetry breaking to the latter and give them masses
lie in the coset G/GTCSM and hence pick up masses
of order MGU . The effective ETC scale would thus be
the grand unification scale, MGU , resulting in standard-
model fermion masses that are much too small; for ex-
ample, for the illustrative value MGU = 10
16 GeV, these
fermion masses would be of order Λ3TC/M
2
GU ≃ 10−25
GeV. It should be noted that this early approach to the
unification of technicolor and SM gauge symmetries led
to the inference that NTC had to be greater than Nc = 3.
But since this attempt at unification is immediately ruled
out by its failure to obtain fermion masses of adequate
size, its requirement concerning NTC is only of histori-
cal interest, and, indeed, many recent TC models [9]-[15]
use NTC = 2 for the reasons that we have discussed in
Section II [32].
Here we consider a different approach to this goal of
unification, in which the ETC gauge bosons have masses
in the usual ETC range, and not all of the fermion
generations arise from the representations of the unified
group G but instead, some arise from sequential sym-
metry breaking of a smaller subgroup of G at ETC-type
scales. Let us denote Ngh and Ngℓ as the numbers of
standard-model fermion generations arising from these
two sources, respectively, where the subscripts gh and gℓ
refer to generations from the representation content of
the high-scale symmetry group and from the lower-scale
breaking. Together, these equal the observed number of
SM fermion generations:
Ngen. = 3 = Ngh +Ngℓ . (5.2)
Note that in this approach involving sequential symme-
try breaking, one does not calculate the beta functions
of the low-energy SC or TC sectors by enumerating the
fermion content at the unification scale since some sub-
set of these fermions would be involved in condensates
formed at intermediate energy scales, hence would gain
dynamical masses of order these scales, and would be
integrated out before the energy decreases to the scale
relevant for the evolution of SC or TC gauge couplings.
It should also be remarked that at this stage the number
Ngℓ is only formal; that is, we set up a given model so
that, a priori, it can have the possibility that a subgroup
of G such as GSC might break in such a manner as to
peel off Ngℓ SM fermion generations. In fact, we will
show that, at least in the models that we study, it is very
difficult to arrange that this desired symmetry breaking
actually takes place.
The requirement that the ETC gauge bosons have
masses of the necessary scales means that G cannot break
to the direct product group GTCSM at the unification
scale MGU , and also cannot break at this scale to the
larger subgroup SCSM = GSC × GSM . Instead, G must
break to a direct product group such that one or more of
the factor groups that are residual symmetries between
MGU and ΛETC,max contain gauge bosons that trans-
form technifermions into technisinglet standard-model
fermions, i.e. are ETC gauge bosons. As the energy
scale decreases, this intermediate symmetry should break
at ΛETC,max so that some of the ETC gauge bosons get
masses of this order, and so forth for other lower sequen-
tial ETC scales.
To provide an explicit context for our analysis, let
us consider unifying the SU(NSC) symmetry containing
technicolor with the SM gauge symmetries by using a
group G = SU(N) as in eq. (1.2), with
N = NSC +Nc +Nw = NSC + 5 . (5.3)
Thus, G ⊃ GSCSM . Here we shall takeGTC = SU(NTC),
GSC = SU(NSC), and GGU to be the group SU(5)GU of
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the structure of the fundamental representation, which
we take to be
ψR =


(N c)τ
da
−ec
νc


R
(5.4)
where d, e, and ν are generic symbols for the fermions
with these quantum numbers. Thus, the indices on ψR
are ordered so that the indices in the SC set, which we
shall denote τ , take on the values τ = 1, ...NSC and then
the remaining five indices are those of the 5R of SU(5)GU
[25]. The components of N cR transform according to the
fundamental representation of SU(NSC), are singlets un-
der SU(3)c and SU(2)w , and have zero weak hypercharge
(hence also zero electric charge). Our choice to write
these components as (N c)τR instead of N
τ
R is a conven-
tion. The quantum numbers of components of any rep-
resentation of G are determined by the structure of the
fundamental representation (5.4). This structure is con-
cordant with the direct product in eq. (1.2) and the
corresponding commutativity property
[GSC , GGU ] = 0 (5.5)
which, since GSC ⊇ GTC , implies
[GTC , GGU ] = 0 . (5.6)
These properties have important consequences for
fermion masses. We recall the theorem from Ref. [12]
discussed in Section IVB, that [GETC , GGU ] = 0 implies
that for one or more fermions f , since fL and f
c
L are both
contained in the same representation of GGU , fL and fR
transform according to relatively conjugate representa-
tions of GETC . By the same argument, the commutativ-
ity property (5.5) implies that for one or more fermions
f , since fL and f
c
L are both contained in the same rep-
resentation of GGU , fL and fR transform according to
relatively conjugate representations of GSC and hence
also of GTC . For the case GGU = SU(5)GU on which
we focus here, this includes the charge 2/3 techniquarks.
In the models of types (1) and (2) discussed in Section
IVB, this would lead to the strong suppression of the
masses of the TC-singlet SM fermions with these quan-
tum numbers, i.e., the charge 2/3 quarks. Here, it will
also lead to the strong suppression of certain SM fermion
masses, but because the ETC vector bosons carry color
and charge in the present type-(3) models, the fermions
with suppressed masses will be leptons.
Corresponding to the subgroup decomposition G ⊃
GSC × GGU , the Lie algebra of G contains subalgebras
for GSC and GGU . There are also (linear combina-
tions of) generators of G that transform the NSC indices
τ = 1, ...NSC to the last five indices in the fundamental
representation, and vice versa. The gauge bosons corre-
sponding to these generators include some of the ETC
gauge bosons and have nontrivial SM quantum numbers.
We label the basic transitions as
(N c)τR → daR + V τa (5.7)
(N c)τR → ecR + (U−)τ (5.8)
and
(N c)τR → νcR + (U0)τ (5.9)
where τ = 1, ..., NSC , and the V
τ
a and
(
U0
U−
)τ
are ETC
gauge bosons. Under the group GSCSM these transform
according to
V τa : (NSC , 3¯, 1)2/3 , Q = 1/3 (5.10)
and (
U0
U−
)τ
: (NSC , 1, 2)−1/2 . (5.11)
These are thus quite different from the ETC gauge bosons
of models (1) and (2), which carry no SM quantum num-
bers. It is important to note that the (commutators of
the) generators to which these ETC gauge bosons cor-
respond do not close to yield a subalgebra smaller than
the full Lie algebra of G, so that there is no ETC group
GETC , as such. This is analogous to the fact that the
(linear combinations of) generators that transform color
indices to electroweak indices in the conventional SU(5)
grand unified theory do not close to form an algebra
smaller than the Lie algebra of SU(5) itself. This is one
of the features that distinguish these models of type (3)
from the models of types (1) and (2), which do have well-
defined ETC gauge groups.
To delineate the remaining ETC gauge bosons, let
us divide the SU(NSC) indices into (a) the ones for
SU(NTC), say τ = 1, ..., NTC , and (b) the ones for the
coset GSC/GTC , τˆ = NTC + 1, ..., NSC . Consider the
process (N c)τR → (N c)τˆR + V ττˆ ; the V ττˆ ’s constitute the
remaining ETC gauge bosons. These carry no SM quan-
tum numbers and are similar in this regard to the ETC
gauge bosons of models (1) and (2).
Given that G cannot break completely to GTCSM or
GSCSM at the unification scale MGU in a viable model,
we next investigate which subgroup it could break to at
this scale. The breaking pattern must be such as to sat-
isfy the upper limits on the decays of protons and other-
wise stable bound neutrons. The gauge bosons of GGU
that contribute to these decays are the set
(
Xa
Ya
)
, (where
a is a color index) which transform as (3¯, 2)5/6 under
SU(3)c×SU(2)w×U(1)Y (whence QX = 4/3, QY = 1/3),
and their adjoints. These 12 gauge bosons span the coset
SU(5)GU/GSM and must gain masses of order MGU . A
priori, the breaking atMGU could leave an invariant sub-
group SU(3)c×GSCW , where GSCW is a group of trans-
formations on the NSC indices of SU(NSC) and the two
electroweak indices of SU(2)w which naturally takes the
9form SU(NSC + 2). However, it appears quite difficult
to construct a model of this sort because of the conflict-
ing requirements that the GSCW coupling get large, as is
necessary for self-breaking (see further below) and that
the SU(2)w coupling, which is supposed to have a small,
perturbative value of α2 = αGU at the presumed unifi-
cation scale, MGU and then evolve to its similarly small,
perturbative value of α2(mZ) = 0.034 at the electroweak
scale.
An alternative is that the breaking of G atMGU would
leave an invariant subgroup SU(2)w×GSCC , whereGSCC
is a group of transformations on the NSC indices of
SU(NSC) and the three color indices of SU(3)c, which
would naturally take the form SU(NSCC) with
NSCC = NSC +Nc = NSC + 3 . (5.12)
Thus,
SU(NSCC) ⊃ SU(NSC)× SU(3)c . (5.13)
All representations of SU(NSCC) are determined by the
fundamental representation, which follows directly from
eq. (5.4); again, it is convenient to write this as a right-
handed field, (
(N c)τ
da
)
R
. (5.14)
As is evident from this, the components of a represen-
tation of SU(NSCC) do not, in general, have the same
weak hypercharge Y , so this representation does not have
a well-defined value of Y . Considerations of the relative
sizes of gauge couplings would favor this option over the
one involving GSCW because the color SU(3)c coupling
α3 increases substantially from the presumed unification
value at MGU to α3(mZ) = 0.118 at the electroweak
scale. To begin with, several possibilities could be en-
visioned for the symmetry breaking of SU(NSCC). One
would be that, as the energy scale decreases from MGU ,
αSCC becomes sufficiently large at a scale ΛETC,max for
the breaking SU(NSCC)→ SU(NSC)×SUc to occur, and
then, if NSC > NTC , the further sequential breakings of
SU(NSC), eventually yielding the exact symmetry group
SU(NTC), peeling off the Ngℓ SM fermion generations.
A different scenario would be one in which, as the en-
ergy scale decreases below MGU , SU(NSCC) breaks into
smaller simple groups in a sequence of Ngℓ steps, and
then the residual smaller simple group finally splits into
the direct product SU(NTC)×SU(3)c. A third possibility
would be a combination of these two types of breakings,
in which SU(NSCC) breaks to smaller simple groups in
k < Ngℓ stages, then splits to a two-fold direct product
group one of whose factor groups is SU(3)c, and then the
other factor group sequentially self-breaks Ngℓ − k times
to the residual exact SU(NTC) group. In all of these
scenarios, the V τa ’s and V
τ
τ ′ would have masses in the
usual ETC range, from Λ1 down to Λ3 while the (U
0)τ
and (U−)τ would have masses of orderMGU . (Hence, al-
though (U0)τ and (U−)τ are formally ETC gauge bosons,
they would play a negligible role in producing masses for
SM fermions.)
However, this scenario with a GSCC gauge symme-
try characterizing the effective theory between MGU and
ΛETC,max also encounters a complication. Consider, for
example, the version in which SU(NSCC) would break
to SU(NSC)× SU(3)c at roughly ΛETC,max ≃ 106 GeV.
The matching conditions for gauge couplings imply that
at this energy scale the SU(3)c and GSC couplings are
equal, since they inherit the value that the SU(NSCC)
coupling had just above ΛETC,max. But, assuming that
the unified theory with gauge group G is self-contained,
i.e., there is no direct product at the high scale MGU
with an auxiliary group like hypercolor, the only mech-
anism for dynamical symmetry breaking below MGU is
self-breaking. This implies that at the above energy scale
of ∼ 106 GeV, αSCC should be O(0.1)−O(1), depending
on the attractiveness of the relevant fermion condensa-
tion channel(s) as measured by the respective values of
∆C2, defined in eq. (8.15) in the appendix. This is diffi-
cult to reconcile with the SU(3)c beta function, which has
leading coefficient b
(3)
0 = 7 due to the SM fermions, and,
in the energy interval above ΛTC , b
(3)
0 = 7 − (4/3)NTC
for one family of massless technifermions. That is, at
an energy scale of ∼ 106 GeV, the value of α3 would al-
ready be larger than its value at the electroweak scale,
which would imply that it would have to decrease, rather
than increasing, as the scale µ decreases from 106 GeV
to µ = mZ , i.e., that the SU(3)c sector would have to be
non-asymptotically free in this interval. Another prob-
lem is that in the models that we have constructed and
studied, we find that the SU(NSCC) theory is unlikely to
break in the necessary manner; to explain this, it is first
necessary to describe the fermion representations, which
we do below.
Let us proceed with the construction and critical eval-
uation of the prospects for this class of unified models.
The following conditions are equivalent:
GSC = GTC ⇐⇒ Ngh = 3, Ngℓ = 0 , (5.15)
i.e., in this case, all of the fermion generations would arise
from the fermion representations of G. The other formal
possibility is that Ngℓ ≥ 1 so that the coset GSC/GTC
is nontrivial, with GSC containing some gauged genera-
tional structure. For generality, it should be noted that
although we use GGU to classify fermion representations,
the breaking of G may be such that the lower-energy
effective field theory is not actually symmetric under a
direct product group in which GGU occurs as a factor
group. From the property (1.2), it follows that the ranks
satisfy
r(G) ≥ r(GSC) + r(GGU ) (5.16)
where, with our assumption that GSC = SU(NSC), we
have r(GSC) = NSC − 1. In addition to the subgroup
decomposition (1.2), we will also use the subgroup de-
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SU(N) ⊃ SU(2)w × SU(NSCC) . (5.17)
We shall assume that at energies below the unifica-
tion scale MGU all subsequent breaking of gauge sym-
metries is dynamical. Since MGU is not very far below
the Planck scale, which certainly constitutes an upper
limit to the possible validity of the theory, owing to the
lack of inclusion of quantum gravity, it is not clear that
one needs to assume that the initial breaking of G is dy-
namical. We shall comment on this further below. The
dynamical symmetry breaking at energies below MGU
can be classified as being of two general types: (i) self-
breaking (“tumbling”), in which an asymptotically free
chiral gauge symmetry group has an associated coupling
that becomes large enough to produce a fermion conden-
sate that breaks the gauge symmetry, and (ii) induced
breaking in which a gauge symmetry is weakly coupled,
but is broken by the formation of condensates involv-
ing fermions that are nonsinglets under a strongly cou-
pled group (which is the way that electroweak symmetry
is broken by technifermion condensates); (iii) a combi-
nation of the two, as in the sequential breaking of the
SU(5)ETC symmetry in Refs. [9]-[15]. Since we only
consider unification in a single, simple group G here, we
are led to focus on self-breaking below MGU . Note that
with our choice of the minimal GU group as SU(5) with
rank 4, the inequality (5.16) becomes r(G) ≥ r(GSC)+4.
Our choice G = SU(N) with N given by eq. (5.3) satis-
fies this inequality as an equality; i.e., we are choosing the
minimal G for a given value of NSC . In order to maintain
the nonabelian structure of the TC group and hence the
asymptotic freedom that leads to confinement and the
formation of the EWSB bilinear fermion condensate, we
require that NTC ≥ 2. This yields the inequality
N ≥ 7 (5.18)
and r(G) ≥ 6.
For any of the possible types of sequential breakings
of GSCC and/or GSC described above that produce the
Ngℓ SM fermion generations, one has
Ngℓ = NSCC − (NTC +Nc) . (5.19)
In particular, if GSCC first splits to GSC × SU(3)c and
GSC then sequentially breaks to produce these Ngℓ gen-
erations, then
Ngℓ = NSC −NTC . (5.20)
The requirement that NTC ≥ 2 in order for the tech-
nicolor interactions to be asymptotically free, combined
with eq. (5.20), implies
Ngℓ ≤ NSC − 2 . (5.21)
Thus, for NSC = 2 all of the SM fermion generations
must arise via Ngh.
We next specify the fermion representations of G =
SU(N). Without loss of generality, we shall usually deal
with left-handed fermions (or antifermions). In order
to avoid fermion representations of SU(3)c and SU(2)w
other than those experimentally observed, namely sin-
glets and fundamental or conjugate fundamental repre-
sentations, one restricts the fermions to lie in k-fold to-
tally antisymmetrized products of the fundamental or
conjugate fundamental representation of SU(N) [30]; we
denote these as [k]N and [k¯]N = [k]N . The notational
correspondence with Young tableaux is (suppressing the
dependence on N), [1] ≡ , [2] ≡ , etc. Some elemen-
tary properties of the representation [k]N are listed in the
appendix; these include its dimensionality and expres-
sions for the Casimir invariants C2([k]N ) and T ([k]N). A
set of (left-handed) fermions {f} transforming under G
is thus given by
{f} =
N−1∑
k=1
nk [k]N (5.22)
where nk denotes the multiplicity (number of copies) of
each representation [k]N . We use a compact vector no-
tation
n ≡ (n1, ..., nN−1)N . (5.23)
If k = N − ℓ is greater than the integral part of N/2, we
shall work with [ℓ¯]N rather than [k]N ; these are equiv-
alent with respect to SU(N) (see eq. (8.2) in the ap-
pendix). An optional additional constraint would be to
require that the numbers in the set of nk, k = 1, ..., N−1
have no common factors greater than unity, i.e., the
greatest common divisor GCD({nk}) = 1. This might
be viewed as a kind of irreducibility condition. Although
we will not impose this condition here, the two candidate
models that we consider that have GCD({nk}) ≥ 2 are
excluded anyway because the SCC theory is not asymp-
totically free. A fermion field corresponding to [k]N is
denoted generically by ψi1...ikL . It will sometimes be con-
venient to deal with the charge-conjugate right-handed
field.
Before proceeding, it is appropriate to summarize the
requirements on the choice of fermion representations:
1. The theory must contain a mechanism to break the
unified G gauge symmetry, eventually down to the
symmetry group operative above the electroweak
scale, SU(NTC) ×GSM . The breaking scales must
be such as to obey upper bounds on the decay rate
for protons and bound neutrons.
2. The contributions from various fermions to the to-
tal SU(N) gauge anomaly must cancel each other,
yielding zero gauge anomaly.
3. The resultant TC-singlet, SM-nonsinglet left-
handed fermions must comprise a set of gener-
ations, i.e., must have the form Ngen.[(1, 5¯)L +
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(1, 10)L], where the first number in parentheses sig-
nifies that these are TC-singlets and the second
number denotes the dimension of the SU(5)GU rep-
resentation.
4. For a fully realistic model, one requires Ngen. = 3.
5. In order to account for neutrino masses, one needs
to have TC-singlet, electroweak-singlet neutrinos to
produce Majorana neutrino mass terms that can
drive an appropriate seesaw [10]. In the present
context, these are also singlets under SU(5)GU .
6. The model must contain ETC gauge bosons with
masses in the general range from a few TeV to
103 TeV so as to produce acceptable SM fermion
masses. As explained above, a plausible way to
satisfy this requirement is for G to break to the
subgroup (5.17) containing the factor group GSCC
which contains both SU(NTC) and SU(3)c and
is naturally SU(NSCC) with NSCC given by eq.
(5.12). Thus, the effective field theory at energy
scales between MGU and ΛETC,max ≃ 106 GeV
is invariant under this direct product (5.17). The
dynamics should be such that SU(NSCC) breaks
at ETC scales, in one of the ways delineated
above, eventually yielding the residal exact sym-
metry group SU(2)TC × SU(3)c, with the requi-
site three SM fermion generations emerging. If at
least some of the stages of this process involve self-
breaking, then the SCC sector should be an asymp-
totically free chiral gauge theory.
7. If NSC > NTC , then there must be a mechanism
to break SU(NSC) down in Ngℓ stages to SU(NTC).
Again, if this is to be a self-breaking, then the SC
sector should be an asymptotically free chiral gauge
theory so that the associated coupling will increase
sufficiently as the energy scale decreases to produce
the requisite condensate(s).
8. The color SU(3)c interaction must be asymptoti-
cally free in the energy interval at and below the
electroweak scale, where the associated coupling
has been measured.
9. The technicolor interaction must asymptotically
free, so that the associated gauge coupling will in-
crease sufficiently, as the energy scale decreases,
to produce a technifermion condensate and break
the electroweak symmetry; further, the techni-
color symmetry must be vectorial so that the tech-
nifermions are confined and the technifermion con-
densate does not self-break GTC .
10. When evolved down to the low energies, the re-
spective SM gauge couplings must agree with their
measured values.
Let us check that the first and sixth of these constraints
can be simultaneously satisfied. This requires that one
confirm that the masses of the (mass eigenstates corre-
sponding to the interaction eigenstates) V τa needed for
their role as ETC vector bosons are consistent with the
upper bounds on the decays of protons and bound neu-
trons. These decays are induced by the s-channel transi-
tions (1) ua+ub → Xc, (2) ua+db → Yc (and, if the the-
ory contained another vector boson, Ξc with QΞ = −2/3,
also (3) da + db → Ξc), where a, b, c are (different) color
indices. Corresponding transitions in the t and u chan-
nel also contribute. Among the GSC -nonsinglet gauge
bosons, the only ones that transform in the right way un-
der color and electric charge to contribute to these decays
are the V τa , with charge 1/3. Among these, the subset
with SC indices τ in GTC cannot contribute to these de-
cays, since the GTC technicolor symmetry is exact, but
the quarks in a nucleon are technisinglets. If Ngℓ = 0,
then GSC = GTC , so all of the SC indices are in GTC .
If Ngℓ ≥ 1, then there is also a subset of V τˆa with indices
τˆ in the coset GSC/GTC . The exact symmetries (color,
electric charge, and technicolor) allow these to mix with
the Ya, via one-loop and higher-loop nondiagonal prop-
agator corrections, so that the actual vector boson mass
eigenstates would be, for Ngℓ = 1,
Va,heavy = cosω Ya + sinω V
τˆ
a
Va,light = − sinω Ya + cosω V τˆa (5.24)
and similarly in the case where Ngℓ ≥ 2. Since this mix-
ing would be forbidden at energy scales where GSC or
GSCC is still an exact symmetry, and since the maximum
of the relevant breaking scales is of order the highest ETC
scale, ΛETC,max ≃ 106 GeV, it follows that
|ω| ≃ ΛETC,max
MGU
≪ 1 . (5.25)
Hence, the mixing would lead to a diagram for nucleon
decay with a propagator for Va,light, ≃ 1/Λ2ETC,max
multiplied by the mixing factors for each of the two
vertices involving SM fermions, which have size <∼
(ΛETC,max/MGU )
2. The product is then <∼ 1/M2GU , the
same as for the usual contribution from Va,heavy . Hence
(given that MGU is sufficiently large so that the usual
contributions to nucleon decay are not excessive) this
mixing does not significantly increase the rate of nucleon
decay. This shows that these ETC gauge bosons can,
indeed, have ETC-scale masses, as required to give SM
fermions their masses.
We next consider the constraint that there be no
anomaly in gauged currents of the unified theory invari-
ant under the group G. For this purpose, we define a
(N − 1)-dimensional vector of anomalies
a = (A([1]N ), ..., A([N − 1]N )) (5.26)
where A([k]N ) is given in eq. (8.3) in the appendix. Then
the constraint that there be no G gauge anomaly is the
condition
n · a = 0 . (5.27)
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which is a diophantine equation for the components of the
vector of multiplicities n, subject to the constraint that
the components nk are non-negative integers. Geometri-
cally, if a and n were vectors in RN−1, then the solution
set of eq. (5.27) would be the (N − 2)-dimensional sub-
space of RN−1 orthogonal to the vector a; the situation
here is more complicated because of the diophantine re-
quirement that nk is a nonnegative integer. The actual
solution is also subject to additional conditions, as we
shall discuss shortly.
The most natural way to satisfy the third requirement,
that the TC-singlet, SM-nonsinglet fermions should form
a well-defined set of SM generations, is to impose this sep-
arately on the subset of these fermions that arise from the
fermion representations of G and on the complementary
subset that arise from the sequential symmetry breaking
of SU(NSCC). The fermion representations of G trans-
form according to (RSC ,RGU ) with respect to the sub-
group decomposition (1.2). In terms of these, the condi-
tion on the former subset yields the two conditions
N(1,5¯) = N(1,10) (5.28)
and, for nonsinglet RSU(5)GU ,
N(1,RSU(5)GU ) = 0 if RSU(5)GU 6= 5¯ or 10 , (5.29)
i.e., the number of TC-singlet left-handed (anti)fermions
from these representations transforming as 5¯ and 10 of
SU(5)GU must be equal and the theory must not contain
any other TC-singlet, SM-nonsinglet fermions. Regard-
ing the fermions in the complementary subset, we note
that the breaking of SU(NSCC) can be viewed as the
breaking of the SU(NSC) part of this group, since the
SU(3)c part remains unbroken. For these, the require-
ments that we impose are the analogues of eqs. (5.28)
and (5.29) with the multiplets considered to refer to
(RTC ,RGU ).
As noted earlier, in models of type (3), for a given
choice of fermion representations of the unified group G,
it is not guaranteed that the resultant (TC-singlet) SM
fermions come in well-defined generations, and even for
a choice which does satisfy this constraint, it is not guar-
anteed that the model can accomodate three such gener-
ations. In both respects, these models are different from
models of type (1) and (2), where one can automatically
satisfy both of these conditions.
We now incorporate the constraint that the standard-
model fermions that arise from the fermion represen-
tations of G comprise well-defined generations. Each
of these SM fermion generations is equivalent to the
set {(1, 5¯) + (1, 10)} of representations of left-handed
fermions, under the direct product SU(NSC)×SU(5)GU .
A (1, 5¯) representation arises in two ways (i) from a
[NSC + 4]N = [N − 1]N ≈ [1¯]N representation, ψi,L,
when i takes values in SU(5)GU ; and (ii) from a [4]N
representation, ψi1i2i3i4L , when all of the indices take on
values in SU(5)GU . If one were to choose NSC = 0
and hence N = 5, these sources would coincide; for
the relevant case of a nonabelian TC group, for which
NSC ≥ NTC ≥ 2, they constitute two different sources.
Hence, for NSC ≥ 2,
N(1,5¯) = nNSC+4 + n4 (5.30)
where, equivalently, n
NSC+4
= n
N−1
. A (1,10) represen-
tation also arises in two ways: (i) from a [2]N represen-
tation, ψi1i2L , when both of the indices take on values
in SU(5)GU , and (ii) from a [NSC + 2]N representation,
when NSC of the indices take on values in SU(NSC),
thereby producing a singlet under this group, and the
remaining two indices take on values in SU(5)GU . (Since
[NSC + 2]N ≈ [N − 3]N , one can equivalently describe
source (ii) as arising from ψi1i2i3,L when all of the three
indices take on values in SU(5)GU .) Again, for NSC = 0
and hence N = 5, these sources (i) and (ii) coincide;
for the relevant nonabelian case NTC ≥ 2 and hence
NSC ≥ 2, they are different, so that
N(1,10) = n2 + nNSC+2 . (5.31)
Thus, the requirement that the left-handed SC-singlet,
SM-nonsinglet (anti)fermions comprise equal numbers of
(1, 5¯) and (1,10)’s implies the condition
n
NSC+4
+ n4 = n2 + nNSC+2 (5.32)
and the number of SM fermion generationsNgh produced
by the representations of G is given by either side of this
equation;
Ngh = n2 + nNSC+2 . (5.33)
The remaining Ngℓ generations of SM fermions arise via
the breaking of GSCC and/or GSC .
We next determine the implications of the constraint
(5.29) excluding SC-singlet fermions that have unphysi-
cal nonsinglet SM transformation properties. These can
be identified in terms of their SU(5)GU representations.
Since the only possibilities for nonsinglet [k]5 are [1]5 = 5,
[2]5 = 10, [3]5 = 10, and [4] = 5¯, these unphysical rep-
resentations are the (1, 5) and (1, 10). Now a [1]N rep-
resentation, ψiL, yields a (1,5) when the index i takes on
values in SU(5)GU . Further, a [NSC + 1]N representa-
tion, ψ
i1...iNSC+1
L , also yields a (1,5) when NSC of the
indices take on values in SU(NSC), thereby yielding an
SC-singlet, and the one remaining index takes on values
in SU(5)GU . The requirement that there be no (1,5)’s is
therefore
n1 = 0, nNSC+1 = 0 . (5.34)
A [3]N representation, ψ
i1i2i3
L , yields a (1, 10) if all of
the three indices take values in SU(5)GU . In addition, a
[NSC + 3]N representation, ψ
i1...iNSC+3
L , yields a (1, 10)
in the case when NSC of the indices take on values in
SU(NSC) and the remaining three indices take on values
in SU(5)GU . (Since [NSC + 3]N ≈ [N − 2]N , the latter
13
source is equivalent to ψi1i2,L with both indices taking on
values in SU(5)GU .) Hence, the requirement that there
be no (1, 10) is
n3 = 0, nNSC+3 = 0 . (5.35)
The representations [1]N and [N − 1]N ≈ [1¯]N , when
decomposed with respect to the subgroup (5.17), will
yield a term (2,1), i.e., a doublet under SU(2)w which is a
singlet under SU(NSCC). This is a lepton doublet, such
as
(
νe
e
)
L
. The fact that it is a singlet under SU(NSCC)
means that neither of the component fermions couples
directly to the ETC gauge bosons, and hence both have
strongly suppressed masses. This is acceptable for the
neutrino, but me is only about a factor of 10 less than
mu, so this strong mass suppression may be problematic
for the electron. In order to prevent this, one could re-
quire that n1 = 0 and nN−1 = 0. We shall not do this
here, but it should be borne in mind that models with
nonzero values for n1 and/or nN−1 will have this prop-
erty.
In the present type-3 models, SC-singlet, SM-singlet
fermions (1,1), which can be identified as electroweak-
singlet neutrinos, arise, in general, from two sources:
(i) [NSC ]N , when all of the NSC indices take values in
SU(NSC); and (ii) [5]N , when all of the indices take val-
ues in SU(5)GU . In the special case NSC = 5, these each
contribute. Hence,
N(1,1) = nNSC + n5 . (5.36)
If GSC is the same as the TC group, then this is the full
set of TC-singlet, electroweak-singlet neutrinos, so that
the the right-hand side of eq. (5.36) should be nonzero.
If NSC > NTC , then electroweak-singlet neutrinos can
also arise from SC-nonsinglet representations when the
SC group breaks to the TC group.
The constraint concerning the breaking of SU(NSCC)
and the behavior of the SU(NTC) technicolor group that
is operative below the lowest ETC breaking scale entails
several parts. Since the TC theory emerges from the
breaking of the SCC theory, and since at the unification
scale the squared coupling αSCC = α is small, one wants
the SCC theory to be asymptotically free in order for
αSCC to increase as the energy scale decreases, yielding,
after breakings, a TC coupling that is sufficiently large
to produce the eventual technifermion condensate. The
asymptotic freedom of the SCC theory is required if, as
assumed here, one or more of the sequential breakings of
the SU(NSCC) theory are self-breakings. The constraint
βTC < βSU(3)c < 0 in the original approach to the uni-
fication of TC and SM gauge symmetries does not ap-
pear here because the SU(3)c group is subsumed within
the SU(NSCC) group in the relevant range of energies
ΛETC,max < µ < MGU . Note that, since NSCC ≥ 5,
it follows that b
(SCC)
0 − b(2)0 = NSCC − 2 ≥ 3, where
here b
(2)
0 is the leading coefficient of the only other non-
abelian subgroup of G, namely SU(2)w (cf. eq. (5.17)).
Hence, provided that the SU(NSCC) theory is asymptot-
ically free, its beta function is more negative than that
of the SU(2)w sector, as should be the case to account
for the observed values of the SM gauge couplings at the
electroweak scale.
Before analyzing specific models, we mention some
challenges that can be anticipated at the outset. First,
for models with Ngh = 3 so that NSC = NTC , there is
a single effective ETC mass scale that governs the origin
of the SM fermion masses, namely the scale at which the
breaking
SU(NSCC)→ GTC × SU(3)c (5.37)
occurs. (There would, in general, also be a U(1) factor;
here we concentrate on the nonabelian symmetries.) The
only other scale that enters into the generation of the
masses for these SM fermions is the technicolor scale.
With only a single effective ETC scale to work with, one
cannot satisfactorily reproduce the observed SM fermion
mass hierarchy. In models with Ngℓ ≥ 1, there is, a
priori, the formal possibility of having enough ETC mass
scales to produce the observed SM generational hierarchy,
making use of the sequential breaking scales of GSCC
and/orGSC that are supposed to yield theNgℓ additional
generations.
However, when we actually examine these models
based on a simple unification group G (without auxiliary
groups such as hypercolor), we find that the requisite se-
quential dynamical symmetry breaking of SU(NSCC) is
unlikely to occur. The breaking of GSCC should even-
tually yield, after the sequential self-breaking, the resid-
ual exact nonabelian symmetry group on the right-hand
side of eq. (5.37). Given that the SU(NSCC) theory is
asymptotically free, the associated gauge coupling αSCC
will increase as the energy scale decreases from the unifi-
cation scale, MGU , and, when αSCC is sufficiently large,
the theory will form bilinear fermion condensate(s). If
the SU(NSCC) gauge interaction is vectorlike, i.e., if (ne-
glecting other gauge interactions) the nonsinglet fermion
content of SU(NSCC) consists of the set of left-handed
fermions {∑RR+ R¯}, then the most attractive channel
for this condensation process is
R× R¯ → 1 , (5.38)
i.e., it yields a condensate that is a singlet under
SU(NSCC). Hence, the model would fail to break
SU(NSCC) at all, let alone to the residual subgroup
(5.37). With the same initial set of representations, one
also has the channel
R× R¯ → Adj , (5.39)
where here Adj refers to the adjoint representation of
SU(NSCC). This channel could lead to the desired break-
ing of SU(NSCC) in eq. (5.37). However, channel (5.38)
is always more attractive than channel (5.39). From our
studies of specific models, we find that in most cases
where GSCC is asymptotically free, it is vectorlike, and
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hence, applying the MAC criterion, one would conclude
that the necessary dynamical symmetry breaking would
not take place. Even in a model with NSC = 5 and with
n given in eq. (5.114), where SU(NSCC) is an asymptot-
ically free chiral gauge theory, we find that it is unlikely
to break in the desired manner.
A related problem with the dynamical symmetry
breaking is that in many cases, not only does the
condensation in the most attractive channel not break
SU(NSCC), it breaks SU(2)w at a scale which is higher
than the ETC scales where SU(NSCC) should break. A
possible way to avoid undesired condensation channels of
this sort could be to invoke a “generalized most attractive
channel” (GMAC) criterion [9, 10, 13], which makes use
of vacuum alignment and related energy minimization ar-
guments to suggest that if the condensate formation can
avoid breaking a certain symmetry, it will [22].
Yet another complication can occur in cases where
NSC is odd so that NSCC is even, say NSCC = 2p. In
these cases, there can occur a most attractive channel of
the form
[p]2p × [p]2p → 1 (5.40)
with
∆C2 = 2C2([p]2p) =
p(2p+ 1)
2
=
NSCC(NSCC + 1)
4
.
(5.41)
The associated condensate is
〈ǫi1...i2pψ11...ip TL Cψ1p+1...i2pL 〉 . (5.42)
This condensate is symmetric (antisymmetric) under in-
terchange of ψ
11...ip
L and ψ
1p+1...i2p
L if p is even (odd).
Since the condensate (5.42) is invariant under GSCC , it
is, a fortiori, invariant under SU(NSC) and SU(3)c. The
only way to construct the requisite SU(3)c-invariant con-
tractions involves product(s) ǫℓmnd
ℓdmdn, each of which
has weak hypercharge Y = −2 (and electric charge −1).
Hence, this condensate violates weak hypercharge and
electric charge. It may be noted that in a hypothetical
world in which only the SU(2)w interaction were strongly
coupled, the same kind of violation would presumably
occur. Consider, say, the first two generations of lepton
doublets, ψg1,L =
(
νe
e
)
and ψg2,L =
(
νµ
µ
)
. These would
form an SU(2)w-invariant condensate of type (5.42) with
p = 1, namely
〈ǫjkψj T1g,LCψk2g,L〉 = 2〈νTeLCµL − eTLCνµL〉 . (5.43)
where j, k are SU(2)w indices.
B. NSC = 2, G = SU(7)
We proceed to study a number of specific models of
type (3) to explore their properties. We begin by consid-
ering the minimal nontrivial case, NSC = 2. Since this
is the smallest value for a nonabelian group, it follows
that GSC = GTC and hence we denote GSCC ≡ GTCC ;
further, it follows that Ngℓ = 0, so that an acceptable
model would have to have Ngh = 3. The vector n has
the form n = (n1, ..., n6)7. From eqs. (5.34) and (5.35)
we have n1 = n3 = n5 = 0. Equation (5.32) yields
n6 = n2. The no-anomaly condition, eq. (5.27), reads
3n2−2n4−n6 = 0; substituting n6 = n4 in this equation
gives the result n2 = n4. Hence, n = n2(0, 1, 0, 1, 0, 1)7
Taking n2 = 1 yields
n = (0, 1, 0, 1, 0, 1)7 . (5.44)
More generally, for an SU(N) group with N odd, say
N = 2n+1, the chiral fermion content {f} =∑nℓ=1 [2ℓ]N
is anomaly-free [30]. This property was used in Ref. [28]
for a study of the possible unification of TC and SM
symmetries in SU(7) and SU(9). For the fermion set
in eq. (5.44) the number of SM generations is given
by eq. (5.33) as Ngen. = 2n2 = 2, so the requirement
that Ngen. = 3 cannot be satisfied, and this model is
not acceptable. One could, nevertheless, consider it as a
toy model. The simplest special case of this toy model
has n2 = 1, so that there would be two SM generations.
Taking the next higher value, n2 = 2 is not acceptable
because it would yield the unphysical result of four SM
generations. Applying eq. (5.36), we note that there is
one electroweak-singlet neutrino.
With respect to the group (1.2), namely,
SU(2)TC × SU(5)GU , (5.45)
the fermions have the following decompositions:
[2]7 = (1, 1) + (2, 5) + (1, 10) (5.46)
[4]7 ≈ [3¯]7 = (1, 5¯) + (2, 10) + (1, 10) (5.47)
[6]7 ≈ [1¯]7 = (2, 1) + (1, 5¯) (5.48)
where here and below we use the equivalences 2 ≈ 2¯ for
SU(2) and (8.2) for SU(N).
The technifermions in this model are
UaτL , D
τa
L ,
(
U τa
Dτa
)
R
NτL , EτL ,
(
Nτ
Eτ
)
R
(5.49)
where, as before, τ = 1, 2 is the technicolor index and
a = 1, 2, 3 is the color index. Note how, in accordance
with our general discussion above, the left- and right-
handed chiral components of the charge 2/3 techniquark,
UL and UR, transform according to relatively conjugate
representations of SU(2)TC . In this case, since SU(2) has
only (pseudo)real representations, these are equivalent,
and the technicolor theory is a vectorial gauge theory.
Since both the subgroup (1.2) and the subgroup (5.17),
SU(2)w × SU(5)TCC , (5.50)
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are abstractly SU(2) × SU(5), the fermions have formally
the same decompositions with respect to (5.50) as in eqs.
(5.46)-(5.48), although the component fields are different.
It should be noted that a fermion that is a singlet under
color and technicolor, and hence is a lepton, can occur
as a component of a TCC nonsinglet representation. For
example, with respect to the subgroup (5.50), the [2]7
yields a term
(1, 10) =


0 νc D11 D12 D13
0 D21 D22 D23
0 uc3 −uc2
0 uc1
0


L
(5.51)
where the upper indices τa on Dτa refer to technicolor
and color, and the entries left blank are equal to minus
the transposed entries. The νcL field illustrates the gen-
eral point made above.
The SU(5)TCC interaction (neglecting other interac-
tions) is vectorial, consisting of the left-handed fermion
content 2{5 + 5¯ + 10 + 10}. The SU(5)TCC gauge inter-
action is asymptotically free, with leading beta function
coefficient b
(TCC)
0 = 13. Hence, as the energy scale de-
creases below MGU , αTCC increases to the point where
the theory forms bilinear fermion condensates. Let us
consider condensations of these fermions, with the rep-
resentations classified according to the subgroup of eq.
(5.50) as (RSU(2)w ,RSU(5)TCC ). In this notation, the
most attractive channel (MAC) is
(1, 10)× (2, 10)→ (2, 1) . (5.52)
If, indeed, this condensate formed, it would rule out this
SU(7) model, since it would break SU(2)w, at much too
high a scale; indeed, this SU(2)w-breaking scale would
be greater than the ETC scales where SU(5)TCC should
break, clearly an unphysical situation. The attractive-
ness of the channel, as measured by ∆C2, is given by
∆C2 = 36/5. If one uses as a rough guide the crit-
ical value of αTCC given by the Schwinger-Dyson gap
equation (eq. (8.14) in the appendix), one finds the
value αTCC = 5π/54 ≃ 0.3. As an illustrative value,
assume that αTCC = αGU ≃ 0.04 at MGU . Substitut-
ing the above critical value into eq. (8.16), one obtains
the rough estimate that αTCC increases to the critical
value for the condensate (5.52) to form as the scale µ
decreases through the value µc ≃ (3 × 10−5)MGU . For
the hypothetical unification scale MGU = 10
16 GeV, this
would mean that electroweak symmetry would be bro-
ken at ∼ 1011 GeV, clearly far too high a scale. In addi-
tion, the channel (5.52) would fail to break the SU(5)SCC
group to SU(2)TC × SU(3)c.
Other condensation channels which are, a priori pos-
sible, are listed below, together with their ∆C2 values,
(1, 10)× (1, 10)→ (1, 5¯) , ∆C2 = 24/5 (5.53)
(1, 5¯)× (2, 5)→ (2, 1) , ∆C2 = 24/5 (5.54)
(1, 5¯)× (1, 10)→ (1, 5) , ∆C2 = 18/5 (5.55)
[(2, 5)× (2, 10)]a → (1, 5¯) , ∆C2 = 18/5 (5.56)
[(2, 5)× (2, 10)]s → (3, 5¯) , ∆C2 = 18/5 (5.57)
where the subscripts a and s in eqs. (5.56) and (5.57)
refer to antisymmetric and symmetric combinations of
representations. None of these channels is acceptable in
a viable model. Consider, for example, channel (5.53).
The condensate for this channel is
〈ǫijkℓnψjk TL CψℓnL 〉 (5.58)
where the indices are in SU(5)TCC (with the ordering as
in eq. (5.4)) and ψjkL is the fermion field transforming as
(1,10) under SU(2)w × SU(5)TCC . The free index must
take on one of the two SU(2)TC values, i = 1 or i = 2, in
order to avoid breaking SU(3)c; with no loss of generality,
we may choose i = 1. The condensate (5.58) is then
proportional to
〈D21 TL Cuc1L +D22 TL Cuc2L +D23 TL Cuc3L〉 (5.59)
where the indices on Dτa are as in eq. (5.51). This con-
densate violates weak hypercharge and electric charge,
and leaves only one unbroken technicolor index, so that
technicolor becomes an abelian symmetry. Channel
(5.54) breaks SU(2)w at too high a scale and fails to
break SU(5)TCC . Channels (5.55) and (5.56) leave tech-
nicolor as an abelian symmetry. Channel (5.57) breaks
SU(2)w in the wrong way and at too high a scale, and
leaves technicolor as an abelian symmetry.
Thus, none of these condensation channels pro-
duces the desired symmetry breaking of SU(5)TCC to
SU(2)TC × SU(3)c. In the absence of an actual mecha-
nism to produce this breaking, it is difficult to analyze the
properties of the hypothetical resultant SU(2)TC theory.
With the one SM family of technifermions listed in eq.
(5.49), the SU(2)TC interaction would be asymptotically
free, with leading beta function coefficient b
(TC)
0 = 2,
but since this is smaller than the corresponding b
(3)
0 for
SU(3)c (which is b
(3)
0 = 25/3 ≃ 8.3 for this toy two-
generation model), and αTC = αSU(3)c at the energy
scale where SU(5)TCC splits to SU(2)TC × SU(3)c, the
color coupling would grow considerably faster than the
technicolor coupling as the energy scale decreased, lead-
ing to the unphysical prediction that ΛQCD > ΛTC .
C. NSC = 3, G = SU(8)
Next, we consider NSC = 3, G = SU(8), so that
n = (n1, ..., n7)8. In this case, a priori, one has the two
options NTC = NSC = 3 with Ngℓ = 0, or NTC = 2 with
Ngℓ = 1. In general, eqs. (5.34) and (5.35) yield
n1 = n3 = n4 = n6 = 0 (5.60)
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and eq. (5.32) reads
Ngh = n2 + n5 = n4 + n7 . (5.61)
The no-anomaly condition is
4n2 − 5n5 − n7 = 0 . (5.62)
For a given value ofNgh = 3−Ngℓ, these are three nonde-
generate linear equations for the three quantities n2, n5,
and n7. We display the formal solution, with the under-
standing that it is physical only for positive nonnegative
integer values of the nk:
n2 =
2Ngh
3
n5 =
Ngh
3
n7 = Ngh . (5.63)
In order for n2 and n5 to be nonnegative integers, Ngh =
0 mod 3; the value Ngh = 0 is not permitted because this
would require Ngℓ = 3, but Ngℓ ≤ NSC − (NTC)min =
NSC − 2 = 1. Hence, the only possibility is
Ngh = 3, Ngℓ = 0 , (5.64)
whence
n2 = 2, n5 = 1, n7 = 3 , (5.65)
so that
n = (0, 2, 0, 0, 1, 0, 3)8 , (5.66)
i.e., the fermion content of the model is
{f} = 2[2]8 + [5]8 + 3[7]8 ≈ 2[2]8 + [3¯]8 + 3[1¯]8 . (5.67)
Further, for this case,
GSC = GTC = SU(3)TC (5.68)
and
GSCC = SU(6)SCC = SU(6)TCC , (5.69)
where, since GSC is just the technicolor group, we have
indicated this explicitly in the subscript. Note that, by
eq. (5.36),
N(1,1) = 1 . (5.70)
In Table I we list properties of this model and others that
we have studied.
Let us analyze this SU(8) model further. With respect
to the subgroup given by (1.2), viz.,
SU(8) ⊃ SU(3)TC × SU(5)GU , (5.71)
we have the decomposition
[2]8 = (3¯, 1) + (3, 5) + (1, 10) (5.72)
[5]8 ≈ [3¯]8 = (1, 1) + (3, 5¯) + (3¯, 10) + (1, 10) (5.73)
[7]8 ≈ [1¯]8 = (3¯, 1) + (1, 5¯) . (5.74)
Since both technicolor and color are described by SU(3)
subgroups of SU(8), the theory is formally symmetric
under the interchange of technicolor indices i = 1, 2, 3
and color indices, i = 4, 5, 6, and eqs. (5.72)-(5.74) also
describe the decomposition of the fermion representa-
tions with respect to the subgroup SU(3)c×SU(5), where
this SU(5) involves technicolor and electroweak indices.
The nonsinglet fermion content under color or technicolor
consists of 15 copies of {3+3¯}. Evidently, both color and
technicolor are vectorial gauge symmetries.
With respect to the subgroup given by (5.17), namely
SU(8) ⊃ SU(2)w × SU(6)TCC (5.75)
the fermion representations have the decompositions
[2]8 = (1, 1) + (2, [1]6) + (1, [2]6) (5.76)
[5]8 ≈ [3¯]8 = (1, [1¯]6) + (2, [2¯]6) + (1, [3¯]6) (5.77)
[7]8 ≈ [1¯]8 = (2, 1) + (1, [1¯]6) . (5.78)
Here and below, it is convenient to use the [k]N no-
tation for larger Lie groups; the corresponding dimen-
sionalities for representations of SU(6)TCC are [2]6 = 15
and [3¯]6 = 20. Thus, the SU(6)TCC theory is vectorial,
with nonsinglet fermion content (neglecting other inter-
actions) consisting of the set of (left-handed) fermions
4([1]6 + [1¯]6) + 2([2]6 + [2¯]6 + [3¯]6) (5.79)
(Here, with respect to SU(6), [3]6 ≈ [3¯]6.) Let us as-
sume that SU(8) breaks in such a manner as to yield an
effective theory at lower energies that has a SU(2)w ×
SU(6)TCC symmetry (ignoring an abelian factor). Since
the TCC theory is asymptotically free, with leading
beta function coefficient b
(TCC)
0 = 12, the TCC cou-
pling increases as the energy scale decreases. Because
the SU(6)TCC theory is vectorial, when the energy scale
decreases sufficiently that αTCC ∼ O(1), the TCC inter-
action will naturally form SU(6)TCC -invariant fermion
condensates rather than breaking to SU(3)c × SU(3)TC ,
as is necessary in order to separate color and the TC in-
teraction. The most attractive channel, written in terms
of representations of SU(2)w × SU(6)TCC , together with
its ∆C2 value, is
(1, [3¯]6)× (1, [3¯]6)→ (1, 1) , ∆C2 = 21
2
. (5.80)
This condensation channel is of the form of (the con-
jugate of) (5.40) with p = 3, NSC = 6. By our gen-
eral argument given above, the associated condensate vi-
olates weak hypercharge and electric charge. If it did
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occur, this, by itself, would rule out the present SU(8)
model. The rough estimate for the corresponding critical
coupling is αTCC,c ≃ 2π/63 ≃ 0.1 from the Schwinger-
Dyson equation. Substituting this into eq. (8.16) with
αTCC = α at µ = MGU and using the illustrative value
for the unified coupling α = 0.04, we find that αTCC
would be large enough for this condensate to form at
µc ≃ (3 × 10−5)MGU , i.e., about 3 × 1011 GeV for the
hypothetical unification scale MGU = 10
16.
Other possible condensation channels have smaller val-
ues of the attractiveness measure ∆C2; they include the
following, in order of descending ∆C2:
(1, [2]6)× (2, [2¯]6)→ (2, 1) , ∆C2 = 28
3
≃ 9.3 (5.81)
(1, [2]6)× (1, [3¯]6)→ (1, [1¯]6) , ∆C2 = 7 (5.82)
(2, [2¯]6)× (1, [3¯]6)→ (2, [5¯]6) ≈ (2, [1]6) ,∆C2 = 7
(5.83)
(1, [1¯]6)×(1, [2]6)→ (1, [1]6) , ∆C2 = 35
6
≃ 5.8 (5.84)
(2, [1]6)× (1, [1¯]6)→ (2, 1) , ∆C2 = 35
6
. (5.85)
Channels (5.81) and (5.85) fail to break SU(6)TCC and
break SU(2)w at a scale higher than the ETC scale where
SU(6)TCC should break. Channels (5.82) and (5.84)
break SU(6)TCC to SU(5)TCC rather than SU(3)c ×
SU(3)TC . Channel (5.83) breaks SU(2)w at too high a
scale and breaks SU(6)TCC to SU(5)TCC .
It may be noted that even if there were some way to
produce a breaking of SU(6)TCC that yielded a lower-
energy theory invariant under SU(3)TC × SU(3)c, the
interchange symmetry between of SU(3)TC and SU(3)c
would imply that the respective technicolor and color
gauge couplings would evolve in the same way as the
energy decreases below the scale at which this conden-
sate occurred. Both of these sectors are asymptotically
free, and condensates would form, but the model would
still not be realistic, since the scale ΛTC would be the
same as ΛQCD.
D. NSC = 4, G = SU(9)
Here we consider NSC = 4, so that G = SU(9) and
n = (n1, ..., n8)9. A priori, one has three possibilities
regarding the origins of the SM fermion generations: (i)
Ngh = 3, or equivalently, Ngℓ = 0, whence NTC = 4;
(ii) Ngh = 2 so that Ngℓ = 1, which would be associated
with a breaking of SU(4)SC to SU(3)TC ; (iii) Ngh = 1, or
equivalently, Ngℓ = 2, so that one SM generation would
arise initially from the representations ofG, and the other
two would arise via the sequential breaking SU(4)SC →
SU(3)SC and then SU(3)SC → SU(2)TC . In general,
equations (5.34) and (5.35) yield
n1 = n3 = n5 = n7 = 0 (5.86)
and eq. (5.32) is
Ngh = n2 + n6 = n4 + n8 . (5.87)
The condition of zero gauge anomaly (5.27) is
5(n2 + n4)− 9n6 − n8 = 0 . (5.88)
For a given value of Ngh = 3−Ngℓ, these are three non-
degenerate linear equations for the four quantities n2, n4,
n6, and n8. Taking n2, say, as the independent variable,
initially free to take on values n2 = 0, 1, ..., Ngh, we find
the formal solution of these equations to be
n6 = Ngh − n2
n4 =
1
3
(5Ngh − 7n2)
n8 =
1
3
(7n2 − 2Ngh) . (5.89)
Consider first the a priori possible valueNgh = 3, whence
n4 = 5 − (7/3)n2 and n8 = (7/3)n2 − 2. In order for n2
and n8 to be nonnegative integers, n2 = 0 mod 3. Now
n2 cannot be zero, because this would make n8 negative.
But n2 also cannot be equal to 3, because this would
make n4 negative. Hence, the value Ngh = 3 is not al-
lowed.
Consider next the value
Ngh = 2 (5.90)
whence Ngℓ = 1 and
GSC = SU(4)SC , GTC = SU(3)TC . (5.91)
Equations (5.89) yield n4 = (1/3)(10 − 7n2) and n8 =
(1/3)(7n2− 4). From its formal range for this case, n2 =
0, 1, 2, the only allowed value is n2 = 1 which gives n4 =
n8 = n6 = 1, so that
n = (0, 1, 0, 1, 0, 1, 0, 1)9 (5.92)
i.e., the fermion content is given by {f} = [2]9 + [4]9 +
[6]9 + [8]9. For this case N(1,1) = 1.
Finally, we examine the minimal possible value, Ngh =
1, corresponding to the maximal possible value of Ngℓ,
namely Ngℓ = NSC − (NTC)min = 4 − 2 = 2. Here eqs.
(5.89) read n4 = (1/3)(5− 7n2) and n8 = (1/3)(7n2− 2),
where, a priori, n2 can take values in the set {0, 1} .
Evidently, neither of these values would make n4 and n8
nonnegative integers and hence neither is allowed.
Let us return to the case with Ngh = 2. An initial
comment is that the corresponding value NTC = 3 is
disfavored, relative to NTC = 2, since it leads to larger
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technicolor contributions to precision electroweak quan-
tities and could reduce the likelihood of walking behav-
ior for the technicolor theory. Notwithstanding this con-
cern, let us investigate this case. The decomposition of
the fermion representations with respect to the subgroup
(1.2), which for this case reads
SU(4)SC × SU(5)GU , (5.93)
is listed below:
[2]9 = (6, 1) + (4, 5) + (1, 10) (5.94)
[4]9 = (1, 1) + (4¯, 5) + (6, 10) + (4, 10) + (1, 5¯) (5.95)
[6]9 ≈ [3¯]9 = (4, 1) + (6¯, 5¯) + (4¯, 10) + (1, 10) (5.96)
[8]9 ≈ [1¯]9 = (4¯, 1) + (1, 5¯) . (5.97)
(Note that 6 ≈ 6¯, i.e., [2]4 ≈ [2¯]4, in SU(4)SC .) This
decomposition shows that, neglecting the GGU couplings
relative to those of SU(4)SC , the latter interaction is vec-
torial, involving nonsinglet fermions comprising a set of
16 copies of {4 + 4¯ + 6} left-handed fermions.
As before, we consider the implications of a scenario
in which the unified group, here SU(9), breaks to yield a
theory at lower energy scales that is invariant under the
gauge symmetry (ignoring an abelian factor) of the form
(5.17), which for the present model is
SU(2)w × SU(7)SCC . (5.98)
With respect to this direct product symmetry group, the
fermions have the decomposition
[2]9 = (1, 1) + (2, [1]7) + (1, [2]7) (5.99)
[4]9 = (1, [2]7) + (2, [3]7) + (1, [3¯]7) (5.100)
[6]9 ≈ [3¯]9 = (1, [1¯]7) + (2, [2¯]7) + (1, [3¯]7) (5.101)
[8]9 ≈ [1¯]9 = (2, 1) + (1, [1¯]7) . (5.102)
Here, the dimensionalities include dim([2]7) = 21 and
dim([3]7) = 35. Thus, the SU(7)SCC theory is vectorial,
with nonsinglet fermion content (neglecting other inter-
actions) given by
2{[1]7 + [1¯]7 + [2]7 + [2¯]7 + [3]7 + [3¯]7} . (5.103)
The SU(7)SCC gauge interaction is asymptotically free,
with leading beta function coefficient b
(SCC)
0 = 13/3.
However, as in the models that we studied above, be-
cause of the vectorlike nature of the SCC gauge sym-
metry, when the energy decreases sufficiently so that
αSCC grows large enough to produce fermion conden-
sates, these will preferentially be in the channels R ×
R¯ → 1, where R refers to the SU(7)SCC representation.
Thus, these preserve the SU(7)SCC invariance rather
than breaking it down to a direct product which includes
SU(3)c×SU(4)SC , as is necessary to separate color from
the strongly coupled SU(4)SC group. With respect to
the SU(2)w × SU(7)SCC subgroup, the most attractive
channel, with its measure of attractiveness ∆C2, is
(2, [3]7)× (1, [3¯]7)→ (2, 1) , ∆C2 = 96
7
≃ 13.7 .
(5.104)
In addition to its failure to break the SU(7)SCC symme-
try, this MAC breaks SU(2)w at a scale that would be
higher than the ETC scales where the SU(7)SCC should
break. The same problems characterize a channel with a
somewhat smaller value of ∆C2, namely,
(1, [2]7)× (2, [2¯]7)→ (2, 1) , ∆C2 = 80
7
≃ 11.4 .
(5.105)
As before, one can examine other possible condensa-
tion channels with still smaller values of ∆C2, which in-
clude
(1, [2]7)× (1, [3¯]7)→ (1, [1¯]7) , ∆C2 = 74
7
≃ 10.6
(5.106)
[(2, [2]7)× (2, [3¯]7)]a → (1, [1¯]7) , ∆C2 = 74
7
(5.107)
and
[(2, [2]7)× (2, [3¯]7)]s → (3, [1¯]7) , ∆C2 = 74
7
. (5.108)
Channel (5.108) is unacceptable because it breaks
SU(2)w in the wrong way and at too high a scale. Chan-
nels (5.106) and (5.107) are not forbidden but would
only break SU(7)SCC to SU(6)SCC , thereby necessitat-
ing a further breaking to SU(3)c × SU(3)TC ; moreover,
because of their subdominant ∆C2 values, it is diffi-
cult to make a convincing argument that they would
predominate. Another conceivable breaking pattern is
SU(7)SCC → SU(3)c×Sp(4) [28], but it is not clear what
dynamical fermion condensation channel could produce
this breaking.
E. NSC = 5, G = SU(10)
We proceed to examine the case where NSC = 5, so
thatG = SU(10) and n = (n1, ..., n9)10. A priori, one has
four possibilities for the manner in which the SM fermion
generation arise, as specified by (Ngh, Ngℓ, NTC), namely
(i) (3,0,5), (ii) (2,1,4), (iii) (1,2,3), and (iv) (0,3,2). The
minimization of technicolor contributions to electroweak
corrections favor the last of these options. The conditions
(5.34) and (5.35) forbidding 5L and 10L yield
n1 = n3 = n6 = n8 = 0 (5.109)
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and eq. (5.32) is
Ngh = n2 + n7 = n4 + n9 . (5.110)
The condition of zero gauge anomaly (5.27) is
6n2 + 14(n4 − n7)− n9 = 0 . (5.111)
For a given value of Ngh = 3−Ngℓ, these are three non-
degenerate linear equations for the five quantities n2, n4,
n5, n7, and n9. Taking n5 and n7, say, as the two in-
dependent variables, with n7 constrained by eq. (5.110)
to take on values in the set {0, 1, ..., Ngh}, we find the
formal solution of these equations to be
n4 =
1
3
(4n7 −Ngh) (5.112)
n9 =
4
3
(Ngh − n7) . (5.113)
From eq. (5.113) and the requirement that n9 be a non-
negative integer, it follows that Ngh − n7 = 0 mod 3.
This could be satisfied for Ngh = 3 and n7 = 0, but this
choice is excluded because it would produce a negative
value for n4. The other choice is Ngh = n7, which gives
n9 = 0 and n4 = n7. Substituting n9 = 0 in eq. (5.110)
yields n4 = Ngh so that n7 = Ngh also; substituting the
latter in eq. (5.110) then gives n2 = 0. These conditions
leave n5 free, subject to the additional requirement that
SU(5)SCC be asymptotically free. Thus, we have
n = (0, 0, 0, Ngh, n5, 0, Ngh, 0, 0)10 . (5.114)
The number of SC-singlet, SU(5)GU -singlet fermions is
N(1,1) = 2n5.
Let us consider first the value n5 = 0, so that
n = (0, 0, 0, Ngh, 0, 0, Ngh, 0, 0)10 . (5.115)
This allows one to choose (Ngh, Ngℓ) = (3, 0), (2,1), or
(1,2). If one were to apply the irreducibility condition
that GCD({nk}) = 1, it would imply that Ngh = 1
in eq. (5.115), which requires Ngℓ = 2, i.e., the TC
group is SU(3)TC and the SC group should undergo two
sequential breakings, SU(5)SC → SU(4)SC , followed by
SU(4)SC → SU(2)TC . Although we will not impose the
irreducibility here, we will exclude all of the reducible so-
lutions because they lead to excessively many fermions,
which render the SU(8)SCC theory non asymptotically
free.
The fermions in each type of representation have the
decomposition, with respect to the subgroup (1.2) for this
case,
SU(5)SC × SU(5)GU , (5.116)
of
[4]10 = (5¯, 1)+(10, 5)+(10, 10)+(5, 10)+(1, 5¯) (5.117)
[7]10 = [3¯]10 = (10, 1)+(10, 5¯)+(5¯, 10)+(1, 10) . (5.118)
Thus, the SU(5)SC sector forms a chiral gauge theory,
with left-handed (nonsinglet) fermion content consisting
of
{f} = Ngh[10(5 + 10) + 11(5¯ + 10)] . (5.119)
With respect to the subgroup (5.17),
SU(2)w × SU(8)SCC , (5.120)
the fermions in each representation have the decomposi-
tion
[4]10 = (1, [2]8) + (2, [3]8) + (1, [4]8) (5.121)
[7]10 ≈ [3¯]10 = (1, [1¯]8) + (2, [2¯]8) + (1, [3¯]8) . (5.122)
Some dimensionalities of relevant SU(8) representations
are dim([2]8) = 28, dim([3]8) = 56, and dim([4]8) = 70;
note that [4]8 = [4¯]8. Thus, assuming that the SU(10)
unified theory breaks in such a way as to yield, for a range
of lower energies, an effective theory with SU(8)SCC
gauge symmetry, this SCC sector is a chiral gauge the-
ory. The SU(8)SCC gauge interaction has leading beta
function coefficient b
(SCC)
0 = 4(22 − 21Ngh)/3, so it is
asymptotically free only for the choice Ngh = 1, for which
b
(SCC)
0 = 4/3. As the energy scale decreases and the cou-
pling αSCC becomes sufficiently large, this theory will
thus form bilinear fermion condensates. The most at-
tractive channel is
(1, [4]8)× (1, [4]8)→ (1, 1) , ∆C2 = 18 . (5.123)
This is of the form of channel (5.40) with p = 4 and thus
violates weak hypercharge and electric charge.
Other channels with smaller values of ∆C2 include
(2, [3]8)× (1, [3¯]8)→ (2, 1) , ∆C2 = 135
8
≃ 16.9
(5.124)
(1, [2]8)× (2, [2¯]8)→ (2, 1) , ∆C2 = 63
4
= 15.75
(5.125)
(1, [3¯]8)× (1, [4]8)→ (1, [1]8) , ∆C2 = 27
2
= 13.5
(5.126)
(1, [2]8)× (1, [3¯]8)→ (1, [1¯]8) , ∆C2 = 45
4
= 11.25 .
(5.127)
Channels (5.124) and (5.125) break SU(2)w at too high a
scale and fail to break SU(8)SCC . Channels (5.126) and
(5.127) are allowed by symmetry considerations. How-
ever, since their ∆C2 values are smaller than those of the
leading channels, one cannot make a persuasive case that
they would occur. Moreover, because of the relatively
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small value of b(SCC), estimates based on eq. (8.16) indi-
cate that for a hypothetical unified coupling αGU ∼ 0.04
at MGU ∼ 1016 GeV, these condensates would form at
much too small a scale for a viable model.
We consider next the choice Ngh = 1, n5 = 1, so that
n = (0, 0, 0, 1, 1, 0, 1, 0, 0)10 . (5.128)
For this choice the decomposition of the fermions with
respect to the subgroup (5.116) is
[4]10 = (5¯, 1)+(10, 5)+(10, 10)+(5, 10)+(1, 5¯) (5.129)
[5]10 = 2(1, 1)+(5¯, 5)+(5, 5¯)+(10, 10)+(10, 10) (5.130)
[7]10 ≈ [3¯]10 = (10, 1)+(10, 5¯)+(5¯, 10)+(1, 10) . (5.131)
The SU(5)SC theory is a chiral gauge theory, consisting
of the nonsinglet fermion content
{f} = 16(5¯) + 15(5) + 21(10) + 20(10) . (5.132)
With respect to the subgroup (5.120) the fermions in
the [4]10 and [7]10 have the decompositions given in eqs.
(5.121) and (5.122), and
[5]10 = (1, [3]8) + (2, [4]8) + (1, [3¯]8) . (5.133)
Although the [5]10 is self-conjugate, the [4]10 and [7]10
make this SU(8)SCC theory chiral. However, it is non-
asymptotically free, with leading beta function coefficient
b
(SCC)
0 = −22.
Finally, we consider the choice Ngh = 0, n5 = 1, so
that
n = (0, 0, 0, 0, 1, 0, 0, 0, 0)10 . (5.134)
For this choice the decomposition of the fermions in the
[5]10 with respect to the subgroup (5.116) is given by
eq. (5.130) and with respect to the subgroup (5.120)
by eq. (5.133). Assuming that the breaking of SU(10)
is such as to yield an SU(8)SCC -invariant theory for a
range of lower energies, its coupling does grow as the
energy decreases, as governed by the leading beta func-
tion coefficient b
(SCC)
0 = 6. However, as is evident from
eq. (5.133), this theory is vectorial, so that when the
SU(8)SCC coupling grows sufficiently large to produce
a fermion condensate, this condensate will preferentially
preserve the SU(8)SCC symmetry rather than breaking
it, as is necessary, to SU(5)TC × SU(3)c (and thence,
sequentially, breaking SU(5)TC to SU(2)TC). We have
investigated higher values of NSC and thus N but have
found that they exhibit problems similar to those of the
models above.
F. Assessment
Thus we we find several general problems with the uni-
fication approach embodied in models of type 3. One,
pertaining to the mechanism for breaking the unified
gauge group G in a weak-coupling framework, also ap-
plies to models of type (1) and (2) and will be discussed
in the next section. A second problem is that, even if one
could arrange some mechanism to break the G symme-
try in the desired manner to yield a lower-energy theory
invariant, presumably, under an SCC gauge symmetry
combining the strongly coupled groupGSC with the color
group, it appears very difficult to get this SCC symmetry
to break in the requisite manner. This is especially true
when, as is often the case, the SU(NSCC) gauge interac-
tion is vectorial. Even when it is chiral (and asymptoti-
cally free), as in the model with NSC = 5 and n given by
eq. (5.115) with Ngh = 1, the most attractive condensa-
tion channels do not lead to the requisite breaking.
Since the determination of the resultant SC and TC
sectors depends on having a viable SCC breaking pat-
tern, this prevents one from proceeding very far with
the analysis of these lower-energy effective field theories
in the context of these models. However, we note that
in cases where Ngℓ ≥ 1, it could also be challenging to
get the SC symmetry to break sequentially down to the
resultant exact TC symmetry. Because of the previous
problems, one cannot obtain very definite predictions for
fermion masses. A general concern pertains to reproduc-
ing the observed mass hierarchy of the three SM fermion
generations. In order to do this, one tends to need three
different ETC mass scales, essentially the Λj , j = 1, 2, 3
discussed in Section II. In the present approach, one has
Ngℓ+1 ETC-type mass scales. This is illustrated by the
scenario in which the SU(NSCC) symmetry first breaks
to SU(NSC)×SU(3)c and then SU(NSC) breaks sequen-
tially at Ngℓ lower scales, finally yielding the residual ex-
act SU(NTC) symmetry. Consequently, unless Ngℓ ≥ 2,
one does not have enough mass scales to account for the
SM fermion mass hierarchy. This problem reaches its
most acute form when Ngℓ = 0, Ngh = 3.
Because of the presence of intermediate scales between
mZ andMGU with nonperturbative behavior and the fea-
ture that the ETC gauge bosons involved in symmetry
breakings at these scales carry SM quantum numbers,
the calculation of the evolution of the SM gauge cou-
plings is more complicated in models of type (3) than in
models of types (1) or (2). However, exploratory analysis
of plausible evolution of gauge couplings for the various
scenarios that we have examined indicate that satisfying
the constraint of gauge coupling unification is still a very
restrictive requirement.
VI. DYNAMICAL BREAKING OF UNIFIED
GAUGE SYMMETRIES
In addition to other issues that we have addressed con-
cerning prospects for unification of gauge symmetries in
a dynamical context, there is another one which is quite
general. For the present discussion let us assume that
one has a model that does achieve gauge coupling unifi-
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cation. The resultant value of the unified gauge coupling
at MGU is generically expected to be small. But if one is
trying to construct a theory in which all gauge symme-
try breaking is dynamical, this would normally require
there to be some strongly coupled gauge interaction at
the relevant scale. For example, the dynamical breaking
of the electroweak symmetry in a technicolor theory re-
quires that technicolor be an asymptotically free gauge
interaction that becomes strongly coupled at the elec-
troweak scale. Although the ETC interaction is strongly
coupled at the scale Λ1 = ΛETC,max ≃ 106 GeV, in typi-
cal models of type (1) and (2) the ETC coupling evolves
to relatively small values as the energy scale ascends to
the region ofMGU , so one could not use ETC interactions
to break GGU atMGU in these models. Moreover, in spe-
cific models such as those of Refs. [9]-[15], the ETC (and
HC) condensates involve SM-singlet fields which, in the
present context, would naturally be GGU -singlet fields,
so their condensates would not break GGU .
One way to break a hypothetical symmetry GGU uni-
fying SM gauge interactions at a high scale MGU would
be to expand the theory to include an additional gauge
interaction, associated with a group Ga, that is strongly
coupled at this scale, together with fermions that trans-
form as nonsinglets under both GGU and Ga. The great
disparity between the coupling strengths of the GGU and
GETC gauge bosons, on the one hand, and the assumed
Ga gauge bosons, on the other, is a striking property of
such a model. Another approach would be to envision
a nonperturbative unification of gauge symmetries, but
by its very nature, this is difficult to study reliably using
tools such as perturbative evolution of SM couplings [33].
For completeness, one should note that a major objec-
tion to the use of Higgs fields for symmetry breaking at
lower scales is the instability of a Higgs sector to large
radiative corrections, necessitating fine tuning to keep
the Higgs bosons light compared with an ultraviolet cut-
off. But from considerations of nucleon stability alone,
not to mention gauge coupling evolution, one knows that
in the (four-dimensional) theories considered here, MGU
is generically quite high, not too far below the Planck
scale where the theories are certainly incomplete, since
they do not include quantum gravity. Hence, this objec-
tion would not be as strong for the breaking of GGU as
for symmetry breakings that occur at substantially lower
scales.
VII. CONCLUSIONS
In this paper we have analyzed approaches to the par-
tial or complete unification of gauge symmetries in theo-
ries with dynamical symmetry breaking. We considered
three main types of models with progressively greater de-
grees of unification, including those that (1) involve suffi-
cient unification to quantize electric charge, (2) attempt
to unify the three standard-model gauge interactions in
a simple group that forms a direct product with an ex-
tended technicolor group, and, (3) attempt to unify the
standard-model gauge interactions with (extended) tech-
nicolor in a simple group. The model of Refs. [11, 12]
is a successful example of theories of type (1). Models
of type (3) provide an interesting contrast to those of
types (1) and (2) in the different way in which standard-
fermion generations are produced and in the property
of having ETC gauge bosons that carry standard-model
quantum numbers. We have pointed out a number of
challenges that one faces in trying to construct viable
models of types (2) and (3). There are certainly fur-
ther avenues for research in this area. For example, one
could investigate direct product groups involving auxil-
iary hypercolor-type groups. Another idea would be to
study ways to unify top-color [34] with standard-model
gauge symmetries. In conclusion, it is possible that elec-
troweak symmetry breaking is dynamical, involving a
new strongly coupled gauge symmetry, technicolor, em-
bedded in an extended technicolor theory to give masses
to standard-model fermions. There is a strong motiva-
tion to understand how the associated symmetries can
be unified with the color and weak isospin and hyper-
charge gauge symmetries. We hope that the results of
the present paper will be of use in the further study of
this unification program.
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VIII. APPENDIX
We gather in this appendix some standard formulas
that are used in the calculations reported in the text.
A. Some Group-Theoretic Properties of
Representations [k]N of SU(N)
We denote the completely antisymmetric k-fold prod-
ucts of the fundamental and conjugate fundamental rep-
resentation of SU(N) as [k]N and [k¯]N , respectively.
These can be displayed as tensors with k upper indices,
ψi1...ik and k lower indices, ψi1...ik , and have the (same)
dimension
dim([k]N ) =
(
N
k
)
. (8.1)
These representations satisfy the equivalence property
[N − k]N ≈ [k¯]N (8.2)
under SU(N), as follows by contraction with the totally
antisymmetric tensor density ǫi1...iN . The fact that these
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representations have the same dimension is evident from
the identity
(
N
k
)
=
(
N
N−k
)
. Further, if N is even, say
N = 2k, then [N/2]N is self-conjugate with respect to
SU(N).
The contribution of the (left-handed) fermions in the
representation [k]N to the gauge anomaly for SU(N) is
[30, 35]
A([k]N ) =
(N − 2k)(N − 3)!
(N − k − 1)!(k − 1)! , (8.3)
where the normalization is such that contribution of the
fundamental representation is 1. The propertyA([k]N ) =
−A([k¯]N ) = −A([N − k]N ) for 1 ≤ k ≤ N − 1 is evident
in eq. (8.3).
The quadratic Casimir invariant C2(R) for the repre-
sentation R is defined by
o(G)∑
a=1
dim(R)∑
j=1
DR(Ta)ijDR(Ta)jk = C2(R)δik , (8.4)
where DR(Ta) is the R-representation of the generator
Ta and o(G) is the order of the group G.
The contribution of a fermion loop, for fermions of rep-
resentation R of SU(N), to the beta function coefficient
b
(j)
0 , involves the invariant T (R) defined by
dim(R)∑
i,j=1
(DR(Ta))ij (DR(Tb))ji = T (R)δab . (8.5)
These invariants satisfy the elementary relation
C2(R) dim(R) = T (R) o(G) . (8.6)
For SU(N),
C2([k]N ) =
k(N + 1)(N − k)
2N
(8.7)
and
T ([k]N ) =
1
2
(
N − 2
k − 1
)
. (8.8)
As the value of N (in eq. (5.3)) increases, the num-
ber of (left-handed) fermions in a generic set n tends to
increase rapidly. For example, for even NSC and hence
odd N = NSC + 5 ≡ 2m+ 1, the set n with n2ℓ = 1 for
ℓ = 1, ..m and n2ℓ+1 = 0 for ℓ = 0, ..,m− 1, has a total
number of fermions given by
m∑
ℓ=1
(
2m+ 1
2ℓ
)
= 22m − 1 = 2N−1 − 1 . (8.9)
Evidently, this grows exponentially rapidly with NSC
and N , which quickly renders the SCC theory non-
asymptotically free. Note that for this choice of n, since
n2 = nNSC+2 , it follows that Ngh = 2.
B. Formulas for the Evolution of Gauge Couplings
We consider a factor group Gj with gauge coupling gj
and denote αj = g
2
j /(4π). The evolution of the gauge
couplings as a function of the momentum scale µ is given
by the renormalization group equation
βj =
dαj
dt
= −α
2
j
2π
(
b
(j)
0 +
b
(j)
1
2π
αj +O(α
2
j )
)
, (8.10)
where t = lnµ, and the first two terms b
(j)
0 and b
(j)
1 are
scheme-independent. The beta function with perturba-
tively calculated coefficients is appropriate to describe
the running of the respective couplings in the energy
ranges where the respective gauge fields are dynamical
(i.e., above corresponding scales at which Gj is broken)
and where the couplings αj are not too large. For our
analyses of the perturbative evolution of gauge couplings,
it will be sufficient to keep only the b
(j)
0 term; the well-
known solution of eq. (8.10) is then given by
α−1j (t2) = α
−1
j (t1) +
b
(j)
0
2π
(t2 − t1) . (8.11)
If an effective field theory involves the direct product of
two gauge groups Gj and Gk for energy scales between
µℓ and a larger scale µjk where the associated couplings
αj and αk are equal, one has, to this order,
ln
(
µjk
µℓ
)
=
2π[α−1j (µℓ)− α−1k (µℓ)]
b
(k)
0 − b(j)0
. (8.12)
The three SM gauge couplings are accurately determined
at µ = mZ , with the results [7, 31] α3(mZ) ≃ 0.118,
αem(mZ)
−1 ≃ 128, and (sin2 θW )MS(mZ) ≃ 0.2312. The
SU(2)L and U(1)Y couplings g ≡ g2L and g′ ≡ gY are
given by e = g sin θW = g
′ cos θW and have the values
(quoted to sufficient accuracy for our present purposes)
α2(mZ) = 0.033 and αY (mZ) = 0.010. The evolution of
these couplings to scales µ > mZ depends on the type of
gauge symmetry unification that one is considering.
C. Fermion Condensation
Consider massless fermions that transform according
to some representations R of a nonabelian gauge group
G. In the approximation of a single-gauge boson ex-
change , the critical coupling for condensation in the
channel
R1 ×R2 → Rcond. (8.13)
is given by [20]
αc =
2π
3∆C2
(8.14)
23
where
∆C2 = C2(R1) + C2(R2)− C2(Rcond.) . (8.15)
Because α ∼ O(1) where fermion condensation occurs,
the one-gauge boson approximation is only a rough guide
to the actual critical value of α. Corrections to this have
been estimated in Ref. [20]. In addition to gauge boson
exchange diagrams, nonperturbative processes involving
instantons are also important [21].
For condensation due to the asymptotically free gauge
interaction with gauge group Gj and associated squared
coupling αj obeying a renormalization group equation
with leading beta function coefficient b
(j)
0 , the solution in
eq. (8.11) together with the condition (8.14), yield, for
the mass scale at which the condensation takes place, the
rough estimate
µc,j ≃MGU exp
[
− 2π
b
(j)
0
(
αj(MGU )
−1 − 3∆C2
2π
)]
(8.16)
where ∆C2 is the value appropriate for this channel, as
given by eq. (8.15).
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TABLE I: Some properties of the various models of type (3) dis-
cussed in the text with GSC and GSM unified in a simple group
G. Here, GSC = SU(NSC), GTC = SU(NTC ), and GSC ⊇ GTC .
The column marked “SCC” lists some properties of the SU(NSCC)
theory combining the SU(NSC) and SU(3)c groups. See text for
further definitions and discussion. The fermion content is indicated
by the vector n (with subscript omitted for brevity). The notation
“no sol.” means that (in the dynamical framework used) there is
no solution to the requirements of anomaly freedom, well-defined
SM fermion generations, and Ngen. = 3. The notation VGT and
CGT indicate that the gauge interaction is vectorial and chiral, re-
spectively; AF and NAF mean asymptotically free and non asymp-
totically free, respectively. The number N(1,1) in column 9, given
by eq. (5.36), is the number of electroweak-singlet neutrinos.
N NSC NSCC NTC Ngℓ Ngh n SCC N(1,1)
7 2 5 2 0 3 no sol. − −
8 3 6 3 0 3 (0200103) VGT, AF 1
8 3 6 2 1 2 no sol. − −
9 4 7 4 0 3 no sol. − −
9 4 7 3 1 2 (01010101) VGT, AF 1
9 4 7 2 2 1 no sol. − −
10 5 8 5 0 3 (000300300) CGT, NAF 0
10 5 8 4 1 2 (000200200) CGT, NAF 0
10 5 8 3 2 1 (000100100) CGT, AF 0
10 5 8 3 2 1 (000110100) CGT, NAF 2
10 5 8 2 3 0 (000010000) VGT, AF 2
